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A B S T R A C T  

In this paper we investigate the structure of finitely generated shift- 
invariant spaces and solvability of linear operator equations. Fourier trans- 
forms and semi-convolutions are used to characterize shift-invariant spaces. 
Criteria are provided for solvability of linear operator equations, includ- 
ing linear partial difference equations and discrete convolution equations. 
The results are then applied to the study of local shift-invariant spaces. 
Moreover, the approximation order of a local shift-invariant space is char- 
acterized under some mild conditions on the generators. 

1. I n t r o d u c t i o n  

The  purpose  of th is  pape r  is to invest igate  the  s t ruc ture  of f ini tely genera ted  shift-  

invar iant  spaces and  solvabi l i ty  of l inear ope ra to r  equat ions.  Our  emphas i s  will 

be  p laced  on f ini tely genera ted  local shif t - invar iant  spaces,  t h a t  is, sh i f t - invar iant  

spaces genera ted  by a finite number  of compac t ly  suppo r t ed  functions.  I t  will be  

d e m o n s t r a t e d  t h a t  l inear  ope ra to r  equat ions  play an i m p o r t a n t  role in the  s tudy  

of local  sh i f t - invar iant  spaces.  Four ier  t rans forms  and  semi-convolut ions  will be  

used to  charac te r ize  shi f t - invar iant  spaces. Moreover,  the  a pp rox ima t ion  order  

of a local  sh i f t - invar iant  space will be  charac te r ized  under  some mi ld  condi t ions  

on the  genera tors .  

A l inear  space S of funct ions from ~s to C is called s h i f t - i n v a r i a n t  if it  is 

invar iant  under  shifts (mul t i - in teger  t rans la tes) ,  t ha t  is, 

/~s ~ /(.-a) eS v~z ~. 
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Let O be a set of functions from ]R s to C. We denote by S0(O) the linear span of 

the shifts of the functions in O. Then S0(O) is the smallest shift-invariant space 

containing O. 

Let f be a (Lebesgue) measurable function on R s. For 1 < p < oe, let 

"f,[v := ( ~  [f(x),P dx) 1/p. 

For p = 0% let [[f[[~ be the essential supremum of f on R ~. We denote by 

Lv(R ~) the Banach space of all measurable functions f on R ~ such that I[f[Ip is 

finite. 

If �9 is a subset of Lp(R ~) (1 _< p _< oc), we write Sp(O) for the closure of 

S0(O) in Lp(RS). Thus, Sp(O) is the smallest closed shift-invariant subspace of 

Lp(R s) that contains O. The functions in (I) are called the g e n e r a t o r s  of Sp(O). 
If �9 is a finite subset of Lp(N~), then Sv(O ) is said to be a f in i te ly  g e n e r a t e d  

sh i f t - i nva r i an t  space.  In particular, if (I) consists of a single function r then 

Sp(r is called a p r inc ipa l  sh i f t - invar ian t  space  (see [3]). 

There are two ways to describe the structure of a finitely generated shift- 

invariant space. One way is to use the Fourier transforms of the generators. The 

other way is to employ the semi-convolutions of the generators with sequences 

on Z s . 

If f E LI(N~), the Fourier transform ] is defined by 

: :  f (x)e  dx, e R 

The domain of the Fourier transform can be naturally extended to include L2 (JR *). 

In [4], de Boor, DeVore and Ron gave the following characterization of a finitely 

generated shift-invariant subspace of L2(R *) in terms of the Fourier transforms 

of the generators. For a finite subset �9 of L2(R ~) and a function f E L2(Rs), f 

lies in S2(O) if and only if 

for some 27r-periodic functions Tr r �9 O. 

The proof of this result given in [4] relies on the known characterization of 

doubly-invariant spaces (see [8]). On the other hand, the special case of a princi- 

pal shift-invariant space was treated in [3] without recourse to the general theory 

of doubly-invariant spaces developed in [8]. In Section 2 we will give a simple 

proof of this result without appeal to the general tools used in [8] such as the 

range function and the pointwise projection. 
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It is also interesting to use semi-convolution to describe the structure of a 

finitely generated shift-invariant space. A function from Z s to C is called a 

s equence .  Let ~(Z s) denote the linear space of all sequences on Z s, and let 

g0(Z s) denote the linear space of all finitely supported sequences on Z s . Given a 

function r R s --+ C and a sequence a �9 ~(Zs), the s e m i - c o n v o l u t i o n  r .~ a is 

the sum 

E r - ~)a((~). 
~EZ ~ 

This sum makes sense if either r is compactly supported or a is finitely supported. 

Let ~P be a finite collection of compactly supported functions from R s to C. We 

use S((I)) to denote the linear space of functions of the form ~-~r r162 where 

ar (r �9 (I)) are sequences on Z ~. Following [4] we say that  S((I)) is local .  For 

local shift-invariant spaces, see the work of Dahmen and Micchelli [5], de Boor, 

DeVore and Ron [4] and Jia [9]. 

Let (I) be a finite collection of compactly supported functions in Lp(R ~) 
(1 < p < oo). In Section 3 we will prove that  S((I)) N Lp(R s) is always closed in 

np(~s); hence Sp((I)) is a subspace of S((I)) N Lp([~).  In Section 4 we will show 

that  S(~)  N L2(R s) = S2((I)). Consequently, a function f �9 L2(ll(s) lies in S2((I)) 

if and only if 

f = E r162 
SE'~ 

for some sequences ar on Z s , r �9 r For general p, it is a difficult question 

whether the two spaces S((I)) N Lp(~ ~) and Sp((I)) are the same. 

When s = 1, it was proved in [11] that  SB(~) = S(~) A Lp(•) for 1 < p < oc. 

The essence of the proof given in [11] rests on the fact that  S((I)) has linearly 

independent generators. In Section 7 we extend this result to the case where 

consists of a finite number of compactly supported functions in Lv(R ~) whose 

shifts are stable. Under such a condition we will show that  S; ((I)) = S(r  s) 
for 1 < p < co. When p = oc, a modified result is also valid. 

The results of Section 7 are based on a study of discrete convolution equations. 

As a mat ter  of fact, discrete convolution equations can be viewed as linear partial 

difference equations with constant coefficients. In turn, linear partial difference 

and diffeiential equations are special forms of linear operator equations. Section 5 

is devoted to an investigation of linear operator equations. The general setting is 

as follows. Let V be a linear space over a field K,  and let A be a ring of commuting 

linear operators on V. Consider the following system of linear operator equation: 

~ )~jkUk = Vj, j = l, . . . , m, 
k = l  
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where )~jk E A for j = 1, . . .  ,m and k = 1, . . .  ,n, Vl,. . .  ,Vm C V, and u l , . . .  ,un 

are the unknowns. We will give a criterion for solvability of such linear operator 

equations. The result is then applied to linear partial difference and differential 

equations. On the basis of Section 5, we will establish a criterion for solvability 

of discrete convolution equations in Section 6. 
Finally, the study of linear operator equations will be used to investigate ap- 

proximation by shift-invariant spaces. Let ~5 be a finite collection of compactly 

supported functions in Lp(R ~) (1 _< p < oo). Let r be a positive integer. If ~5 

consists of a single function r with r # 0, then it is known that S(r provides 

approximation order r if and only if S(r contains all polynomials of degree less 

than r. This result was established by Ron [17] for the case p = 0% and by Jia 

[9] for the general case 1 < p <_ o~. In Section 8 we extend their results to finitely 

generated shift-invariant spaces. Let �9 = {r162 Suppose the sequences 

(q~k(27rj3))Zez~ , k = 1 , . . . ,  n, are linearly independent. Under this condition we 

will prove in Section 8 that S(qS) provides approximation order r if and only if 

S(~) contains all polynomials of degree less than r. 

2. Sh i f t - invar ian t  subspaces  o f  L2 (~s) 

In this section we give a new proof for the following result established by de Boor, 

DeVore and Ron in [4]. 

THEOREM 2.1: Let ~ be a ~nite subset ofL2(~  ~) and f E L2(lI{s). Then f E 
S2(q~) if and only if 

for some 2zr-periodic functions Tr r E CP. 

Recall that  L2(R s) is a Hilbert space with the inner product given by 

(f,g) := f~, f(x)g(x)dz, f ,g  E n2(RS), 

where ~ denotes the complex conjugate of g. We say that f is o r t h o g o n a l  to g 

if {f, g) = 0. The orthogonal complement of a subspace V of a Hilbert space is 

denoted by V • It is easily seen that S2(f) is orthogonal to S2(g) if and only if 
( f ( . - a ) ,  g) = 0 for all a E Z s . The following lemma follows from basic properties 

of the Fourier transform. 

LEMMA 2.2: I f f ,  g E L2(Rs), then the series 

h(~) := ~ f(~ + 27r~)~(~ + 2~rj3) 
/3EZ 8 
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converges absolutely for almost every ~ �9 ~ .  The Fourier coet~cients of the 

2~r-periodic function h are (f(. - a) ,g/ ,  c~ �9 Z ~. 

The b racke t  p r o d u c t  of two functions f and g in L2 (]~s) is defined by 

[f, gl(d r : :  ~ ](4 § 2~/~)~9(~ § 2~),  
19EZ ~ 

~E ]R s. 

In particular, if f and g are compactly supported, then 

(2.1) [f,g](e i() = ~ ( f ( ' -  c~),g}e i~'( 
aEZ ~ 

Vr �9 ~ .  

The bracket product If, g] was introduced in [14] (see Theorem 3.2 there) under 

some mild decay conditions on f and g. This restriction was removed in [3]. 

The bracket product turns out to be a convenient tool in the study of 

orthogonality in L2(RS). The following lemma is an easy consequence of 

Lemma 2.2. 

LEMMA 2.3: If  r 162  E L2(Rs), then <0 is orthogonal to $2(r if and only if 
[r = 0 for almost every ~ �9 ~{s. Moreover, { r  ~): ~ �9 R ~ } forms ~n 

orthonormal system if and only if [r r {() : 1 for almost every ~ �9 R ~ . 

Proof of Theorem 2.1: Denote by F(~)  the linear space of those functions 

f �9 L2(R ~) for which ] : ~ r 1 6 2  ~-r162 for some 2rr-periodic functions ~-r (r �9 (I)). 

Suppose f �9 F((I)). Then for every g �9 $2(~) • and almost every ( �9 ]R s, 

[f, g](e ir -- ~ T~(()[r  ir : O. 
4)E~ 

By Lemma 2.3, this shows that f is orthogonal to $2((~)• hence f E $2 ((I)) •177 = 

S2(ff)). In other words, F((I)) C_ S2((I)). 

For the proof of F((I)) _D $2(~5) we shall proceed by induction on #(I), the 

number of elements in ~. Suppose #g9 = 1 and �9 = {r In order to prove 

F(r  = $2(r it suffices to show that F(r is closed. Suppose f lies in the closure 

of F(r Then there exists a sequence ( f n ) n = l , 2  .... in F(r such that  [[f~-fl]2 --+ 0 
as n --+ oo. It follows that I]f~ - fl[2 --} O. By passing to a subsequence if 

necessary, we may assume that  f~ converges to f almost everywhere. Since 

fn G F(r f~ = T~r for some 2~r-periodic function T~. Let 

E :: {~ e ~: $(( + 2~) : o v~ e z ~ }. 
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Then E is 27r-periodic, i.e., ~ E E implies ~ + 2/37r E E for all/3 E Z s. For each 
n, let 

{ ~ ( ~ )  i f ~ r  
An(4):-= 0 i f ~ E E .  

Evidently, An is 2~r-periodic and ],~ = A~q~. Since y~ converges to ] almost 

everywhere, for almost every ( E 11~ s, l im~_~ ]n(~ + 2/3~r) = ] ( (  + 2/37r) for all 

/3 E Z s. Let ~ be such a point. If ~ E E, then An(~) = 0 for all n. If ( ~ E, then 

r + 2/37r) ~ 0 for some/3 E Z ~. Consequently, 

lim An(~) = lim ]~(~ + 2/37r)/r + 2/3zr) = ](~ + 2/37r)/r + 2/37r). 
Tt --+OO n - - ~  OO 

This shows that A(~) := lim=-+or A~(~) exists for almost every ( E R s. Since each 

An is 2~r-periodic, the limit function A is also 27r-periodic. Taking limits of both 

sides of f~ = A~r we obtain ] = Ar This shows that f E F(r Therefore F(r  

is closed. 

Now assume that F (~)  = 82((~) and we wish to prove that F(q)Ur D $2((~Ur 
for any r E L2(Rs). Let P4, denote the orthogonal projection of L2(]R ~) onto 

$2(~), and let 1 denote the identity operator on L 2 ( ~ ) .  Let p := (1 - P~)r  

Then $2(~) is orthogonal to S2(p), and hence $2(~) + S2(p) is closed. With 

9 := P~b  E S2((I)) ~--- F((I)) we have p = r  E F ( ~ U r  and so S2(p) - - - -  F(p) C 
F ( ~ U r  But $2(~)+S2(p)  is closed, and r -- g+p E $2(~)+S2(p) .  Therefore 
we have 

F ( ~  U r _D S2((b) + S:(p) D_ S2((b U r 

This completes the induction procedure. I 

3. Loca l  sh i f t - invar ian t  spaces  

Let (I) be a finite collection of compactly supported functions in Lp(]~ s) (1 < p < 

oc). In this section we shall show that S((I)) M Lp(]l(s) is closed in Lp(~S). 
A measurable function f: ]~s __~ C is called local ly in teg rab le  if 

Iifiil(K) := [f(x)idx < oc 

for every compact subset K of R s. We denote by Ltoc := Ltoc(R ~) the linear 
space of all locally integrable functions on IR s. For k = 1, 2 , . . . ,  the functional Pk 
given by 

Pk(f) :--- [ If(x)l dx 
F.  

J[- k , k ]  s 
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is a semi-norm on Lloc. The family of semi-norms {Pk: k = 1, 2 , . . .}  induces 

a topology on Lloc so that Lloc becomes a complete, metrizable, locally convex 

topological vector space. In other words, Lloc is a Fr~chet space (see, e.g., [7, 

p. 160]). Let (f~)n=l,2 .... be a sequence in Lzoc. Then f~ converges to a function 

f E Llo~ if and only if for every compact subset g of IR s, IIf~ - f i l l (K)  --+ 0 as 

n --+ oo.  

The following theorem shows that a finitely generated local shift-invariant 

subspace of Lzor ~) is closed in it. 

THEOREM 3.1: Let �9 be a finite collection of compactly supported integrable 
functions on R ~. Then S(O) is a closed subspace of Lzoc(R~ ). Ifq~ is a subset of 

Lp(N s) for some p, 1 <_ p <_ ec, then S(q)) M Lp(R s) is closed in Lp(RS). 

The proof of Theorem 3.1 is based on the author's recent paper [9] on approx- 

imation order of shift-invariant spaces. Let us recall some results from [9]. 

Let S = S(~),  where �9 is a finite collection of compactly supported integrable 

functions on ]R ~. The restriction of S to the cube [0, 1) s is finite dimensional. 

Thus, we can find a finite collection {r i E I} of integrable functions on R s 

such that each r vanishes outside [0, 1) ~ and {r i E I} forms a basis for 

Sl[0,1p. The shifts of the functions r (i E I) are linearly independent; that is, 

for sequences ai E g(Z ~) (i E I), 

E ~bi*~a~=O ~ a i = O  V i E I .  
iEl 

Let / (Zs )  I denote the linear space of all mappings from I to ~(Z~). We define 

the linear mapping T from g(Z ~)I to Lzo~(R ~) as follows: 

T(a) := E ~bi*'ai for a : (ai)iel E/?(Zs) I. 
iEI 

Let V be the range of the mapping T. Then S((I)) is a linear subspace of V. 

A function f E V has the following representation: 

(3.1) f = E r  
iEI 

where fi E ~(ZS), i E I. Suppose ~ = {r j E J}. Then f lies in S(q)) if and 

only if there exist sequences uj (j E J) on Z s such that 

(3.2) S : Cj,'u . 
j E J  
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Since each Cj is compactly supported and belongs to V, we can find finitely 

supported sequences cij on Z s (i �9 I, j �9 J)  such that 

(3.3) CJ = E r j C J. 
iEI 

It follows from (3.2) and (3.3) that 

f = Z Z ~ J ( -  ~)uj(~) 
j E J ~ E Z  ~ 

jEJ a E Z  s iEI ~EZ s 

iEI a E Z  s jEJ~EZ ~ 

Comparing this with (3.1), we conclude that f lies in S((I)) if and only if 

(3.4) E E cij(~)uj(c~ - ~) = f i (a )  Va �9 Z ~ and i �9 I. 
jEJ /3EZ s 

Given a �9 Z s, we denote by T a the difference operator on g(Z ~) given by 

< a  := a(. + ~), a �9 e(zs). 

If p -- }--~cz~ c~z~ is a Laurent polynomial, where ca = 0 except for finitely 

many c~, then p induces the difference operator 

p(T) :-=- E CaTa" 
~ C Z "  

For i C I and j C J,  let gij denote the Laurent polynomial given by 

gij(z) = ~ c i j (~ lz-~ ,  z e ( c \ { 0 } )  s 
~ E Z  ~ 

Then (3.4) can be rewritten as 

(3.5) ~-~.gij(T)Uj = fi, i e I. 
jEJ 

We observe that  (3.5) is a system of linear partial difference equations with 

constant coefficients. This system of partial difference equations is said to be 

c o n s i s t e n t  if it can be solved for (uj)jej. It is said to be c o m p a t i b l e  if 
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the following compatibility conditions are satisfied: For Laurent polynomials qi 

(i �9 I) ,  

Z qigo = O Vj �9 J ::=* Z qi(T)fi = O" 
iCI iEI  

It was proved in [9, Theorem 3] that the system of partial difference equations 

in (3.5) is consistent if and only if it is compatible. This result is an extension 

of the well-known Ehrenpreis principle for solvability of linear partial differential 

equations with constant coefficients (see [6]). 

Now let P denote the set of all Laurent polynomials in s variables. Let Q be 

the subset of p1 given by 

Q := { (qi)ieI: Z q~go = 0 Vj E J} .  
iEI  

Thus, we arrive at the following conclusion. 

LEMMA 3.2: There exists a subset Q of P I such that a function f = ~ i e r  r fi 
lies in S(q~) if and only if 

(3.6) Z qi('r)fi = 0 V(qi)ic/ C O. 
iE1 

We are in a position to establish Theorem 3.1. 

Proof of Theorem 3.1: First, we show that V is a closed linear subspace of 

Ltoc(R~). Since {r : i  C I}  is linearly independent, there exist two positive 

constants C1 and C2 such that for f = T(a) C V and for all/3 C Z ~, 

(3.7) C1 ~ la~(3)l ~ Ilflla(/3 + [0,1) s) ~ C2 ~ lai(/3)l. 
iEI  i E l  

Let (f(n))n=l,2 .... be a sequence in V converging to a function f in Ltoc(NS). 
Suppose f(~) = T(a(n)). Then by (3.7) we have 

(m) [a~ (9) - a l~)(9)[  ___ C~lllf (m) - f(~)[11(/3 + [0, 1) ~) 

for all i C I and/3 E Z s This shows that ' (~) �9 kai (fl))n=l,2 .... is a Cauchy sequence 

of complex numbers. Let ai(/3) := limn-.~o aln)(fl) and a := (ai)ie,.  Using (3.7) 

again, we see that for all/3 C Z ~ 

liT(a) - T(a(n))llx(/3 + [0, 1) ~) < C2 Z i a i ( / 3 )  - aln) (/3)1. 
iEI  
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Hence T(a (n)) converges to T(a) in Lzoc(]Rs). In other words, f = T(a), thereby 

proving that V is closed in Lloc(R~). 
Next, we show that S((I)) is closed in Y. Let (f('~))n=l,2 .... be a sequence in 

S(~)  converging to f E V. Suppose f(n) = T(a(n)) for each n and f = T(a). 
Then the preceding paragraph tells us that for each i E I and each/~ E Z ~, al n) (~) 
converges to a~(~) as n --+ co. In other words, al n) converges to a~ pointwise. 

Since each f(n) lies in S(O), by Lemma 3.2 we have 

(3.8) E qi(7)a~) = 0 V(qi)iel E Q. 
iEI 

For a fixed element (qi)ieI E Q and a fixed /3 E Z s, qi('r)ai(~) only involves 

finitely many ai(c~), a E Z s. Letting n -+ oc in (3.8) we conclude that 

E qi(~-)a, = 0 V(qi)iel E Q. 
iEl 

This shows that f = T(a) lies in S((I)), by Lemma 3.2. Therefore, S((b) is a 

closed subspaee of Ltoc(l~ s). 
Finally, suppose that q~ is a subset of Lp(R s) for some p, 1 < p < oc. If 

(f(n))n= 1,2 .... is a sequence in S ((I)) fq Lp ( ~ )  converging to f in Lp (R ~), then f(~) 

converges to f in the topology of Ltor Hence f lies in S(4)) by what has 

been proved. This shows that S((I)) M Lp(l~ s) is closed in Lp(RS). I 

4. Loca l  sh i f t - inva r i an t  subspaces  of  L~.(IR s) 

Let (I) be a finite collection of compactly supported functions in L2(Rs). In [3] 

de Boor, DeVore and Ron demonstrated that the two spaces S(q>) M L2(R s) and 

S2((I)) provide the same approximation order. However, they left the question 

open whether these two spaces are the same. In this section we show that these 

two spaces are indeed the same. Consequently, we give a characterization for 

S2(ff)) in terms of the semi-convolutions of the generators with sequences on Z ~. 

THEOREM 4.1: Let (b be a finite collection of compactly supported functions in 
L2(Rs). Then S(~ )N  L2(R ~) = $2(r Consequently, a function f E L~(R ~) lies 
in $2(~) if and only if 

f = E r162 

for some sequences ar on Z s, r E q). 

In our proof we use the following two basic facts. 

a E ~o(ZS), then 

(4.1) 

First, if f E L2(R s) and 
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where B(z) := )-'~ez, a(c~)z ~ is the symbo l  of a. Second, if f e L2(R ~) and 

g -= f* 'a  for some nontrivial sequence a e i0(Zs), then S2(f) = S2(g) (see [4, 

Corollary 2.5]). Indeed, g = f* 'a  implies 

~(() = ](()E(e -i~) and ](~) -- ~)(~)/B(e-i~), for a.e. ~ e R ~, 

where ~(e -i~) is a 27r-periodic trigonometric polynomial. So f E S2(g) and 

g E S2(f) by Theorem 2.1. 
We also need the following lemma (cf. [14, Theorem 4.4] and [4, Theorem 

3.as]). 

LEMMA 4.2: Let (I) be a finite collection of compactly supported functions in 

L2(R~), and let Pc denote the orthogonal projection of L2(R s) onto S2((I)). Then 

there exists a nontrivial sequence b E ~0(Z ~) such that for every compactly sup- 

ported function g C L2 (R ~), Pc (g*'b) is compactly supported. 

Proof: The proof proceeds by induction on #(I). Suppose (I) consists of a single 

function r r 0. For a compactly supported function g E L2(R~), let h and u be 

the functions determined by 

h(~) = [r r  and ~(~) = [g, r 6 c R ~ 

Let b and c be the sequences such that b(e -i~) = [r162 and ~(e -i6) = 
[g, r ~ C R s. Note that the sequence b is independent of g. Since both 

g and r are compactly supported, (2.1) tells us that both b and c are finitely 

supported. Moreover, by (4.1) we have h -- g*'b and u = r We find that  

[h - u ,  r = [h, r - [u, r = [r r  r - [g, r162  r = 0, 

so u = Pd~h = P~,(g*'b). But u -- r is compactly supported. 
Now assume that  the lemma is valid for a finite set �9 of compactly supported 

functions in L2(Rs). We wish to prove that it is also true for (I> U r where r is 

a compactly supported function in L2(Rs). By the induction hypothesis, there 

exists a nontrivial sequence b E s ~) such that for every compactly supported 

function g E L2 (R ~), Pc (g*'b) is compactly supported. Let p := ~b.'b- Pc (r 

Then p is compactly supported. Moreover, since S2(~b) -- $2(r the space 

s 2 ( ~  u r  = s 2 ( ~  u (r  = S2(~  u p) 

is the orthogonal sum of $2(~) and S2(p). By what has been proved, there 

exists a nontrivial sequence c such that for every compactly supported function 
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g E L2(R~), Pp(g*'c) is compactly supported. Note that g*'(b * c) = (g*'b)*'c = 
(g#c)*'b. Therefore, for every compactly supported function g E L2(]I(~), 

P,~ur *' (b * c) ) = P,~(g , '  (b * c) ) + Pp(g *' (b * c) ) 

is compactly supported. I 

Proof  o f  Theorem 4.1: Theorem 3.1 shows S(~)M L2(~ s) D S2(ff), so we only 

have to show $2(~) _D S(4~)NL2(~s). The latter was proved in [3, Theorem 2.16] 

for the case # ~  = 1. For the general case we argue as follows. Let 

f = E r162 E S(~) M L2(Rs). 

We wish to prove f E S2((I)). For this purpose, we observe that for every 

compactly supported function g E S2((I)) • 

( f 'g)  = E E ( r  a) ,g)ar  = O. 
CE(I) a6Z s 

By Lemma 4.2 we can find a nontrivial sequence b E ~?0(Z s) such that for every 

function h E L2(R s) with compact support, P~(h*'b) is compactly supported. 

Let g E S2((I)) • Then P~(g*'b) = 0. There exists a sequence (gn)n=l,2 .... of 

compactly supported functions in L2(]I(~) such that I[gn -g i I2  -+ 0 as n -+ c~. 

Let 

hn := gn*'b - P~,(gn*'b). 

Then each ha is compactly supported and hn E S2((I)) • Hence {f, hn) = 0 for 

n = 1, 2 , . . . .  Fhrthermore, 

lira (f ,  hn) -- ( f ,g* 'b  - P,~(g*'b)) = (f ,g*'b).  
7t---~ (X)  

This shows (f ,g*'b} = O. Let c be the sequence given by c(a) = b ( - a )  for all 

a E Z s. Then (f ,  g#b} = 0 implies 

( f , ' e ,  g} -- ~ (f( .  - a), g}e(a) 
aEZ ~ 

= E (f '  g(' § a)c(a))  = (f, g*'b} : O. 
c~EZ s 

This is true for all g E $2(~)• hence f* 'c  E $2(~) •177 -- S2(ab). Therefore we 

have f E S2(f* 'c)  C_ S2((I)), as desired, l 
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5. L i n e a r  o p e r a t o r  e q u a t i o n s  

In this section we establish a criterion for solvability of linear operator equations 

and then apply the result to linear partial difference and differential equations 

with constant coefficients. The study of linear operator equations is important  

for our investigation of local shift-invariant spaces. 

Let K be a field, and let V be a linear space over K.  Given a linear mapping 

A on V, we use kerA to denote its kernel {u E V: Au = 0}. Thus, A is one-to-one 

if kerA = {0}. If A is both one-to-one and onto, then we say that  A is i nve r t ib l e .  

Let L(V) be the set of all linear mappings on V. Then L(V) is a ring under 

addition and composition. The identity mapping on V is the identity element of 

L(V). In general, L(V) is noncommutative. 

We are interested in commutative subrings of L(V) with identity. Let A be 

such a subring. The ideal generated by finitely many elements A1,. �9 �9 Am in A is 

denoted by (A1,. �9 �9 Am). An ideal I of A is said to be i nve r t i b l e  if I contains an 

invertible linear mapping. Note that  the inverse of an invertible linear mapping 

A E A is not required to lie in A. The kernel of I ,  denoted kerI,  is the intersection 

of all kerA, A E I .  

Consider the following system of linear operator equations: 

n 

(5.1) ~ A j k u k  = vj, j = 1 , . . . , m ,  
k = l  

where Ajk E A for j = 1 , . . . , m  and k = 1 , . . . ,n ,  Vl , . . . ,Vm E V, and U l , . . . , u n  

are the unknowns. Our purpose is to give a criterion for solvability of (5.1). 

Linear operator equations with one unknown (n = 1) were investigated by Jia, 

Riemenschneider and Shen in [15]. 

We say that  the system (5.1) is c o n s i s t e n t  if there exist u l , . . . ,  us C V that  

satisfy the equations in (5.1). Two systems of linear operator equations are said to 

be e q u i v a l e n t  if they have the same solutions. We say that  (5.1) is c o m p a t i b l e  
m 

if for any P l , . . . , # m  E A w i t h  E j = l p j A j k  = 0, k ---- 1 , . . . , n ,  one must have 
m ~-~j=l #jvj  = 0. Evidently, if (5.1) is consistent, then it is compatible. 

If we replace every vector vj (j = 1 , . . . ,m)  in (5.1) by the zero vector, then 

the resulting system is called the a s s o c i a t e d  h o m o g e n e o u s  s y s t e m .  Thus, the 

solutions of (5.1) are unique if and only if the associated homogeneous system 

only has the trivial solution. 

THEOREM 5.1: Let A be a commutative subring of L(V) with identity. Suppose 

that every finitely generated ideal I of A with ker I = {0} is inyertible. Then the 

system (5.1) of Iinear operator equations is uniquely solvable for u l , . . . ,  u,~ in V 
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i f  and only i f  it is compatible and the associated homogeneous sys tem only has 

the trivial solution. 

Proof: It is obvious that the two conditions are necessary for the system (5.1) to 

be uniquely solvable. The proof of sufficiency proceeds by inductions on n. 

Suppose n = 1 and consider the system of linear operator equations 

(5 .2 )  AjU----Vj, j = l , . . . , m .  

By the assumption, the associated homogeneous system 

Aju = O, j = 1, . . . , m,  

only has the trivial solution. In other words, ker(A1,.. . ,Am) = {0}; hence 

(A1,. . . ,Am) is invertible. Thus, there exist # l , . . . , # m  E A such that v := 

#IA1 + "" �9 + #mA,~ is invertible. Let 

72 : =  / J - I ( ~ l V  1 n t - . . ,  nt-],l, rnVrn). 

We claim that  u satisfies the equations in (5.2). Indeed, since (5.2) is compatible, 

we have Ajvk = Akvj for j, k E {1 , . . . ,  m}. Therefore 

m m m 

k = l  k = l  k = l  

But v is invertible, so it follows that Aju = vj for j -- 1 , . . .  ,m. 

Let n > 1 and assume that the theorem has been verified for n -  1. We 

shall prove that  (5.1) is uniquely solvable under the conditions stated in the 

theorem. Note that the kernel of the ideal (Al l , . . . ,  Am1) is trivial, for otherwise 

the associated homogeneous system would have nontrivial solutions. Thus, there 

exist i l l , . . .  ,~m E A such that the linear mapping v := #1All + -'" + ~mArnl is 

invertible. Apply v to both sides of each equation in (5.1): 

(5.3) E vAjkuk = vvj ,  j = 1 , . . . ,  m.  
k-----1 

Since v is invertible, two systems (5.1) and (5.3) are equivalent. Let 

m 

v0 :---- #jvj  and A0k := E # j A j k ,  
j----1 j = l  

k = l , . . . , n .  
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Then -~01 -- u, and the equation 

n 

(5.4) E A0kUk = V0 
k----1 

is a consequence of (5.1). For each j = 1, . . .  ,m, apply ~jl to both sides of (5.4) 

and subtract the resulting equation from (5.3). In this way we obtain 

n 

(5.5) E ( A o l ~ j k  - )~jl~Ok)Uk = A m v j -  )~jlvo, j = 1 , . . .  ,m .  
k=2 

The system consisting of the equations in (5.5) and the equation in (5.4) is 

equivalent to the original system of equations in (5.1). 

Now let us show that  (5.5) is uniquely solvable for (u2, . . . ,  u,~). By the induc- 

tion hypothesis, it suffices to verify that (5.5) satisfies the two conditions stated 

in the theorem. First, since the original system (5.1) is compatible, so is (5.5). 

Second, the homogeneous system associated to (5.5) only has the trivial solution. 

Indeed, if (u2 , . . . ,  un) is a nontrivial solution of the homogeneous system, then 

we can find Ul E V such that 

AolU 1 = --(AO2U 2 - ~ ' ' '  -]- AOnUn) , 

because )~01 : /2 is invertible. Thus, (ux,u2, . . . ,  un) would be a nontrivial solu- 

tion to the homogeneous system associated with (5.1), which is a contradiction. 

We have proved that (5.5) is uniquely solvable. Let (u2, . . . ,  un) be the solution. 

Since A01 = u is invertible, we can find Ul E V such that 

V'Is 1 ~ V 0 -- ~ ~Ok uk" 
k=2 

Consequently, (ul, u2 , . . . ,  un) is the unique solution of (5.1). | 

Next, we discuss two special linear operator equations: linear partial difference 

equations and linear partial differential equations. Theorem 5.1 will be used to 

give criteria for solvability of those equations. 

Let II(C ~) denote the linear space of all polynomials of s variables with coef- 

ficients in C. For a nonnegative integer d, we denote by IIa(C ~) the subspace of 

all polynomials of (total) degree less than or equal to d. If no ambiguity arises, 

we write II for H(C ~) and IId for Hd(C~), respectively. 

A mapping a from Z ~ to C is called a po lynomia l  sequence,  if there is a 

polynomial q of s variables with coefficients in C such that  a(a)  = q(a)  for all 
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a C Z s. The  d e g r e e  of a is the same as the degree of q. Let IP(Z s) denote the 

linear space of all polynomial  sequences on Z ~. 

Suppose p(z) = ~ e z ~  c~z~ is a Laurent  polynomial  of s variables with coef- 

ficients in C, where ca --- 0 except for finitely many  a.  Let e denote the s- tuple 

( 1 , . . . ,  1). Then  p(e) -- ~ e z 8  c~. The polynomial  p induces the difference op- 

erator  p(T) = ~aEZ ~ cat  a. It  is easily seen tha t  p(T) maps 1P(Z ~) to itself. For 

a sequence a on Z ~ we have 

(T c~ -- 1)a = a(. + a)  -- a. 

Hence (~-~ - 1)a = 0 if a is a constant  sequence. Moreover, if a is a polynomial  

sequence, then (T ~ -- 1)a is also a polynomial  sequence of degree less than  the 

degree of a. Thus,  if p(e) = 0, then the difference operator  p(~-) is degree- 

reducing; tha t  is, for any polynomial  sequence a, p(~-)a is a polynomial  sequence 

of degree less than  the degree of a. Consequently, p(T) is invertible on IP(Z ~) if 

and only ifp(e) ~ 0. Indeed, ifp(e) = 0, then p(~-)a = 0 for any constant  sequence 

a. I fp (c )  7 ~ 0, then we can write p = c -po ,  where c = p(e) and po(e) = 0. Thus,  

pO(T) is degree-reducing, and so p~+l(T)a = 0 for all polynomial  sequences a of 

degree n. Given a polynomial  sequence a of degree n, the equation p(~-)r = a has 

a unique solution 

r : [1/c +p0(T) /C  2 + ' "  +p~(~ ) / cn+ l ] a .  

This shows tha t  p(T) is invertible. 

Let A be the ring of all partial  difference operators of the form p(T), where p is a 

Laurent '  polynomial  of s variables with coefficients in C. Then  A is a commuta t ive  

r ing  with identity. If I is a finitely generated ideal of A with kerI  = {0~, then 

I is invertible. To see this, let I be the ideal generated by Pl(~') , .-- ,p,n(~-).  If  

ker I  = {0}, then for at least one j ,  pj (e) ~r 0, for otherwise the constant  sequences 

would lie in the kernel of I .  But  pj (e) 7 ~ 0 implies tha t  pj (T) is invertible. This 

shows tha t  I is invertible. 

THEOREM 5.2: Let Pjk (j = 1 , . . . ,m;  k = I , . . . ,  n) be Laurent polynomials of 

s variables with coefficients in C. The homogeneous system of linear partial 

difference equations 

n 

(5.6) E p j k ( T ) U k  = O, j = X , . . . ,m ,  
k----1 

only has the trivial solution if and only if  the matrix 

P := (Pjk(e))l<j<,~,l<k< n 
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has rank n. Consequently, for given polynomial sequences Vl, . . . , Vm, the system 

of equations 

~ ,p jk (v )Uk  = Vj, j = 1 , . . . , m ,  
k=l 

is uniquely solvable for ( U l , . , ,  , an) E ]V(ZS) n if  and only if the matrix P has 

rank n and the system is compatible. 

Proof: If the rank of P is less than n, then there exists a nonzero vector 

( a l , . . .  ,an) in C n \ {0}  such that  

n 

(5.7) ~~pjk(e)ak ---- 0 
k = l  

for j =  1 , . . . , m .  

For each k, let uk be the constant sequence a ~-+ ak, a E Z s. Then (Ul , . . .  ,an) 
is a nontrivial solution to the homogeneous system (5.6). 

Conversely, suppose that: the homogeneous system (5.6) has a nontrivial solu- 

tion ( u l , . . . ,  an). We observe that  for any polynomial q, (q(T)ul , . . . ,  q(T)Un) is 

also a solution of (5.6). We can find a polynomial q such that  q ( ' r ) U l , . . .  ,q('r)un 

are constant sequences but q(T)Uk ~ 0 for at least one k. Let ak = q(T)uk(O) 

for k = 1 , . . . ,  n. Then the complex vector ( a l , . . . ,  an) satisfies (5.7). Hence the 

rank of the matrix P is less than n. This proves the first part  of the theorem. 

The second part  of the theorem follows immediately from the first part  of the 

theorem and Theorem 5.1. | 

The rest of this section is devoted to a study of linear partial differential equa- 

tions. For this purpose we need the multi-index notation. Let N be the set of 

positive integers, and let No := N t2 (0}. An element in N~) is called a mu l t i -  

index .  If a = ( a l , . . . , a s )  is a multi-index, then its length lal is defined by 

[a] := a l  + . . .  + as,  and its factorial is defined by a! := a l ! . . . a s ! .  For two 

multi-indices a = ( a l , . . . , a s )  and /3 -- (/31,...,/3s), by a <_ /3, or /3 _ a,  we 

mean c~j ~_/3j for j = 1 , . . . , s .  

Let a E N~ be a multi-index. The differential operator D ~ on H(C ~) is defined 

by 

A polynomial p = ~ e N ~  a~z~ induces the differential operator ~--]~(~eN~ aa D~, 

which is denoted by p(D). 

The differential operator p(D) is invertible on II  if and only if p(0) ~ 0. Indeed, 

if p(0) = 0, then p (D) l  = 0. Conversely, if p(0) r 0, then we may write p = c-po,  
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where c = p(0) and P0 is a polynomial with p0(0) = 0. Then for any polynomial 

q of degree n, the equation p(D)r = q has a unique solution 

r = [1/c + po(D)/c 2 + . . .  + p~(D)/cn+l]q. 

This shows that  p(D) is invertible. 

Let A be the ring of all linear partial differential operators of the form p(D),  

where p is a polynomial of s variables with coefficients in C. Then A is a commu- 

tative ring with identity. If I is a finitely generated ideal of A with kerI  = {0}, 

then I is invertible. To see this, let I be the ideal generated by pl(D) , . . .  ,pro(D). 

If kerI  = {0}, then pj(O) ~ 0 for at least one j ,  for otherwise the constants would 

lie in kerI.  But pj(0) :/= 0 implies that  pj(D) is invertible on II. This shows that  

I is invertible. 

The following theorem can be proved in the same way as Theorem 5.2 was 

done. 

THEOREM 5.3: Let Pjk (j = 1, . . . ,  m; k = 1, . . . ,  n) be polynomials ors variables 

with coefficients in C. The homogeneous system of linear partial differential 

equations 
n 

E p j k ( D ) u k  = O, j = 1 , . . . ,m ,  
k = l  

only has the trivial solution if and only if the matrix 

has rank n. 

equations 

P := (pjk(O))l<<_j<m,l<k<, ~ 

Consequently, /'or given polynomials v l , . . . ,  vm, the system of 

n 

E p j k ( D ) u  k = vj, j = 1 , . . . ,m ,  
k----1 

is uniquely soh'able for ( u l , . . . ,  un) C II ~ //:and only if the matr ix  P has rank n 

and the system is compatible. 

6. D i s c r e t e  c o n v o l u t i o n  e q u a t i o n s  

In this section we shall give a criterion for solvability of discrete convolution 

equations. 

Recall that  ~(Z ~) is the linear space of complex-valued sequences on Z ~, and 

~0(Z s) is the linear space of all finitely supported sequences on Z s. Moreover, 

we use c0(Z s) to denote the linear space of all sequences a on Z s such that  
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limlal_+o~a(c~ ) = 0, where Ic~t := Ic~lt + . . .  + lc~sl for c~ = ( c r l , . . . , c ~ )  E Z s. 

Given a sequence a on Z *, we define 

Ilall~ := la(~)l p) , 1 _< p < o~. 

For p = oo, we define Ilall  to be the supremum of {la(a)l: E For 
1 < p < c~ we denote  by ~p(Z ~) the Banach  space of all sequences a on Z s such 

t ha t  Ilallp < 
Given a E l(Z~), the  formal  Laurent  series ~ e z ~  a(c~) z~  is called the s y m b o l  

of a, and denoted by fi(z). If  a E ~I(Z~), then the symbol  ~ is a continuous 

function on the  torus  

W s := { ( z l , . . . , z ~ )  E Cs: Izll . . . . .  Izs[ = 1}. 

If a E g0(ZS), then  ~ is a Laurent  polynomial .  

For a, b E g(Z s), we define the c o n v o l u t i o n  of a and b by 

a.b(o~) : :  ~ a(c~ - fl)b(fl), c~ E Z s, 
/3EZ ~ 

whenever  the above series is absolutely convergent. For example,  if 5 is the 

sequence given by 5(c~) = 1 for ~ = 0 and 5(c~) = 0 for ~ E Z s \ {0}, then  a*5 = a 

for all a E l(Z~). Evidently,  for a E g0(Z ~) and b E e(Z~), the convolution a*b is 

well defined. 

Let a be an element  in ~0(Z s) such tha t  a(z)  # 0 for all z E ~'s. For given 

v E ~ ( Z s ) ,  the  discrete convolution equat ion 

a , u  = v 

has a unique solution for u E goo(Z~). To see this, let 

1 f[0 1 e_i~.~d~, ~ E Z  ~. 

T h e n  the sequence c decays exponent ia l ly  fast, and ~(z)gz(z)  = 1 for all z E T ~. 

Hence c*a = 5. If a * u  = v,  then it follows tha t  

u = r~.u = ( c . a ) * u  = c*(a*u) : c*v .  

This  proves uniqueness of the solution. Moreover,  if v lies in ~p(Z ~) for some p, 

1 < p < co, then  the solution u lies in gp(Z~); if v E c0(Z~), then  the solution u 

also lies in c0(Zs). 
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Consider  the  sys tem of discrete convolution equat ions 

(6.1) ~ ajk*uk - ~  Vj, j = 1 , . . . ,  m, 
k = l  

where ajk E g0(Z s) (j = 1 , . . . , m ; k  = 1 , . . . , n )  and vj C g(Z ~) (j = 1 , . . . , m ) .  

We say t ha t  this sys tem of equations is c o m p a t i b l e  if for any c l , . .  �9 Cm ~ ~o (Z s) 

with m -, ~ j = l  cj*ajk = 0, k = 1, . .  n, one must  have ~jm=l e j ,v j  = O. 

THEOREM 6.1: Let v l , . . .  ,vm E ~ ( Z ~ ) .  Suppose that the system of discrete 

convolution equations in (6.1) is compatible. I f  the matrix 

A ( z )  : =  n 

has rank n for every z E T ~, then the system of equations in (6.1) is uniquely 

solvable for (u l , .  �9 Un) �9 ( t ~ ( Z  ~))~. Furthermore, i f v l , . . . ,  Vm lie in e , ( Z ' )  for 

some p, 1 < p < c~, then the solutions u l , . . .  ,u~ also lie in gp(Z~); if  v l , . . .  ,v,~ 

lie in c0(Z~), the11 the solutions u l , . . . ,  u~ atso lie in Co(ZS). 

Prod." For j --- 1 , . . . ,  m, let cj be the sequence given by cj (a) = a j l ( - a ) ,  a �9 Z ~. 

Then  5j(z) = aj l (Z)  for z E T~. Let  aok := ~-~j=lcy*ajk, k = 1 , . . . , n .  Since 

A(z) has rank n, the Laurent  polynomials  511 ( z ) , . . . ,  5ml (z) do not have c o m m o n  

zeros in T s. Hence 

5 0 1 ( z )  = - -   laj ( )t > 0 Vz �9 v 
j = l  j = l  

Let us consider the  case n = 1 first. In this case, (6.1) implies 

m 

a 0 1 * U l  = E Cj*Vj =: Vo. 
j = l  

Since 501(z) > 0 for all z �9 T ~, the equat ion a01*ul = v0 is uniquely solvable 

for u in foo(Z~). Let  ul be  the  solution. By the assumption,  the original sys- 

t em of equat ions in (6.1) is compatible;  hence aol*vj = ajl*V0. I t  follows tha t  

aol*ajl*Ul = ajl*VO = aol*vj. Therefore,  ajl*Ul = vj for j = 1 , . . . , m .  This  

shows tha t  Ul is the unique solution to the sys tem of equations in (6.1). 

T h e  p roof  proceeds with induction on n. Suppose n > 1 and the desired result  

is valid for n -  1. Let  ej (j -- 1 , . . . , m )  and a0k (k = 1 , . . . , n )  be the same  
m 

sequences as in the above. Let w0 := vo = ~ j = l  cj*vj, wj := aol*v d - ajl*WO 

(j  = 1 , . . . , m ) ,  and 

bjk :=aol .a jk  - -aj l ,aok,  j = l , . . . , m ; k =  2 , . . . , n .  
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Then w0, w~, . . . ,  wm E goo(g*). Consequently, (6.1) is equivalent to the following 

system of equations: 

(6.2) ~ aok*uk = Wo 
k=l  

and. 

n 

(6.3) bjk,   = 
k=2 

j=  l,... ,m. 

We observe that  (6.3) is compatible and the matrix B(z) :-- ([~jk(Z))l<_j<m,2<k<n 
has rank n -  1 for every z E "IF ~. Thus, by the induction hypothesis, (6.3) is 

uniquely solvable for u2,..., u~ in goo(Zs). Once u2 , . . . ,  u~ are obtained, ul is 

uniquely determined from (6.2). This completes the induction procedure. 

Finally, if v l , . . . ,  vm lie in gp(Z ~) for some p, 1 _< p < oc, then the above proof 

shows that  the solutions 'u l , . . . ,  u~ also lie in ~p(Z*). The same conclusion holds 

true for c0(Z*). I 

7. S tab le  g e n e r a t o r s  

Let �9 be a finite subset of Lv(R*) (1 < p < c~). In this section, we shall charac- 

terize Sp(~) in terms of the semi-convolutions of the generators with sequences 

in gp(Zs), if the shifts of the functions in q) are stable. If, in addition, the func- 

tions in r are compactly supported, we shall prove Sp(4)) = S(~) A Lp(]~ s) for 

1 < p < oc. W h e n p  = oc, we denote by L~,o(~ ~) the subspaceofL~( ]~  s) 

consisting of all functions f C L ~ ( R  s) such that IlfiI~(I~* \ I - k ,  k]*) --+ 0 as 

k w e  s h a n  prove  = n 

Let r be a finite subset of Lp(I~*) (1 _< p _< cx~). We say that the shifts r 

(r C (~, (~ E Z*) are Lp-stable if there are two positive constants C1 and C2 such 

that 

C1 E Ilar ~ E r162 < C2 E ]lar 

for all sequences a~ E g0 (Z*), r E ~. Under some mild decay conditions on the 

functions in (I), it was proved by Jia and Micchelli ([13] and [14]) that the shifts 

of the functions in �9 are Lp-stable if and only if for any ~ E R s, the sequences 

(r + 2z~fl))~ez~ (r e ~) are linearly independent. When p = 2, their results 

were generalized by de Boor, DeVore and Ron in [4]. 



280 R.Q. JIA Isr. J. Math. 

Suppose �9 = {r  r  Let T~ be the mapping from (g0(ZS)) n to Lv(]~s ) 

given by 
n 

Tr  ,an):= E C k * ' a k ,  a l , . . .  ,an �9 Q(Z') .  
k=l 

Let X := (~p(Z')) ~ for 1 _< p < e~ and X := (c0(Z')) ~ for p = oc. The norm on 

X is defined by 
n 

II(al , . - - ,  a . ) t l x  := Ilakll.. 
k ~ l  

Suppose that the shifts of the functions in �9 are stable. Then the domain of T~ 

can be extended to X, and Tr is a one-to-one continuous linear operator from X 
n to Y := Lp(R').  For a = (a l , . . . , an )  �9 X ,  we write ~'~k=lCk*'ak for Tr In 

other words, 

I~=1 ~ oOak(o~) p 

Moreover, there exists a positive constant C such that C[[a][x < []Tv(a)[[v for 

all a �9 X. From a well-known result in functional analysis (see, e.g., [18, p. 70]), 

the range of Tr is closed. In other words, Tv(X)  -- Sp(~). Thus, we have the 

following result. 

THEOREM 7.1: Let �9 be a finite subset of Lp(~ ~) such that the shifts of the 

functions in �9 are Lv-stable (1 < p <_ c~). For 1 < p < ~ ,  a function f lies in 

Sp(r if  and only if  

f = E r162 

for some sequences a s in gv(Zs). For p = c~, a function f lies in Soo(~P) if and 

only i f  f = ~ r 1 6 2  r162 for some sequences a s in c0(Zs). 

Theorem 7.1 does not apply to the case in which the stability condition is not 

satisfied. For example, let r := X - X ( " -  1), where X is the characteristic function 

of [0, 1). Then X e $2(r (see [4, Example 2.7]), but X cannot be written in the 

form X -~ r for any a �9 g2(Z). Indeed, if a is an element of ~2(Z), then the 

27r-periodic function ~ ~-~ ~(e ~) is square integrable on [0, 2~r) and 

r = r - i f )  = )~(~)(1 - e- i~)~(e-~).  

Thus, X = r  implies that 
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But the function ~ ~-~ 1/(1 - e i~) is not square integrable on [0,27r). This 

contradiction verifies our claim. Moreover, we have fa X(x)dx = 1 and X --- 

~j~--0 r - J) E S(r However, any function f in S0(r satisfies fa f ( x )dx  = O. 
Since $1(r is the closure of S0(r i n / I ( R ) ,  we also have fa f ( x )dx  = 0 for all 

f E $1(r This shows that X ~ $1(r Therefore S~(r r S(r N / l (N) .  

When �9 is a finite collection of compactly supported functions in Lp(N), it 

was shown in [11] that  Sp(~) = S((I)) N Lp(R) for 1 < p < oc and S~((I)) = 

S((I)) N L~,0(ll~). The following theorem gives a similar result for s > 1 if the 

shifts of the functions in (I) are stable. 

THEOREM 7.2: Let r be a finite collection of compactly supported functions in 
LB(R s) (1 < p < oc). I f  the shifts of the functions in �9 are Lp-stable, then 
Sp(~) = S(r  A Lp(R 8) for 1 < p < o% and Sr162 = S((I)) fq Loc,o(RS). 

Proof: By Theorem 3.1, S(~) f3 Lp(R s) is closed in Lp(N 8) (1 < p < ce). 

Hence Sp( ) is contained in n LARs).  For p = we also have 

Soo(@) C_ S(,I~) r l  L~,0(Rs). 
Suppose (I) = ( r  ,r We can find functions ~bl,... ,era E Lp(N 8) such 

that they vanish outside the unit cube [0, 1) 8 and (r  I[o,1),: J = 1 , . . . ,  m} forms 

a basis for S((I))l[o,1),. Then each ek (k = 1 , . . . ,  n) can be represented as 

m 

(7.1) ek = E r k' 
5=1 

where ajk (j = 1, . . .  , m; k = 1, . . .  , n) are finitely supported sequences on Z s. 

A function f E S(~) has the following representation: 

(7.2) f = s ~bj*'v5, 
5=1 

where Vl, . . .  ,vm are sequences on Z 8. If f lies in Lp(R 8) for 1 <_ p < co, then 

the sequences Vl, . . .  ,vm lie in ep(Z8). To see this, we observe that, for/3 E Z 8, 

m 

f(x) =Evj(Z)r 
j = l  

f o r x e f l + [ 0 , 1 )  8. 

Hence, there exists a constant C > 0 such that 

Ivj(z )l ' A If(x)lpdx 
+[o,1), 

Vj = 1 , . . . , m  and f~ E Z s. 
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It follows that  Ilvjllp Clifllp for j = 1, . . .  ,m. Thus, vl, . . .  ,Vm lie in 6 (Zs ) .  

Similarly, if f E Loo,0(RS), then v l , . . . ,  vm lie in c0(Z~). 

Now assume that f E S((I)). Then there exist sequences u l , . . . ,  un on Z 8 such 

that f = E2_-, r  This in connection with (7.1) and (7.2) tells us that  

u l , . .  �9 un satisfy the following system of discrete convolution equations: 

(7.3) ~ ajk*uk = vj, j = 1,. . . ,m. 
k=l  

Consequently, this system of equations is compatible. We shall show that the 

matrix 

A(z) :=  

has rank n for every z C T ~, provided that the shifts of r  �9 Cn are stable. For 

this purpose, we deduce from (7.1) that for k = 1 , . . . ,  n, 

+ 2 Z) = + 2 Z), z . 

j = l  

If A(e -i() had rank less than n for some ~ E R s, then the sequences 

(r + 27rZ))Zez~, k = 1 , . . .  ,n, would be linearly dependent, which contra- 

dicts the assumption on stability. Since A(z) has rank n for every z E T 8 and the 

system of equations in (7.3) is compatible, we conclude that (7.3) is uniquely solv- 

able for u l , . . .  ,u~ in gp(Z~), by Theorem 6.1. Let ( u l , . . .  ,u~) be the solution. 

Then f = }-~2_, r lies in Sp(~). This shows that Sp(~) ~ -  S(~) [-I Lp(R ~) 

for 1 < p <  oo. 

If f e S(gP) N L~,0(R~), then the sequences Vl , . . . , vm lie in c0(Z~); hence 

u l , . . . ,  u~ lie in co (Z~). This shows that S~  (~) = S(~) N Loo,o(R 8). | 

8. A p p r o x i m a t i o n  o r d e r  

In this section we shall apply the results on linear operator equations to a study 

of approximation by shift-invariant spaces. See [10] for a recent survey on this 

topic. 

For a subset E of Lp(~ s) (1 _< p _< oo) and f E LB(RS), define the distance 

from f to E by 

dist(f,  E)p := infE(ll f - gllp}. 

Let S be a closed shift-invariant subspace of Lp(ll~s). For h > 0, let ah be 

the scaling operator given by the equation (Thf :---- f(./h) for functions f on 
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lI~ s. Let S h := orb(S). For a real number r > 0, we say that S provides Lp- 

a p p r o x i m a t i o n  o r d e r  r if, for every sufficiently smooth function f in Lp(RS), 

dist(f, sh)p < Cfh r Vh > O, 

where C I is a constant independent of h. We say that S provides Lp-dens i ty  

o rde r  r if 
lim dist(f, sh)p /h  r = O. 

h--+0 + 

Let 4) be a finite collection of compactly supported functions in Lp(R s) 

(1 < p < c~). We say that S(4)) provides approximation order r (resp. density 

order r) if S(4)) N Lp(l~ s) does. 

Let r be a positive integer, and let r be a compactly supported function in 

Lp(N ~) (1 < p __% c~) with r # 0. Then S(r provides approximation order 

r if and only if S(r contains 1-Ir_ 1 . This result was established by Ron [17] for 

the case p = oc, and by Jia [9] for the general case 1 _< p < c~. The following 

theorem extends their results to finitely generated shift-invariant spaces. 

THEOREM 8.1: Let 4) = {r162 be a finite collection of compactly sup- 

ported functions in Lp(R ~) (1 <_ p <_ ~ ) .  Suppose that the sequences 

(r k : 1 , . . . , n ,  are linearly independent. For a positive integer 

r, the following statements are equivalent: 

(a) S(4)) provides Lp-approximation order r. 

(b) S(4)) provides Lp-density order r - 1. 

(c) S(4)) _D n~_l. 
(d) There exists a function ~) E So(4)) such that 

(8.1) = q Vq e n , _ , .  
a E Z  ~ 

It is known that (8.1) is true if and only if for all ~ E N~) with I~,] < r and all 

where 5 stands for the Kronecker sign. This result was first established by 

Schoenberg [19] for the univariate case, and then extended by Strang and Fix 

[20] to the multivariate ease. 

If the shifts of the functions in 4) are stable, then, for each ~ c R ~, the sequences 

(r + 27rfl))fl~z~ (s = 1 , . . . ,  n) are linearly independent. Thus, the conclusion 

of Theorem 8.1 is valid if the shifts of the functions in 4) are stable. This weaker 

form of Theorem 8.1 was first established by Lei, Jia and Cheney [16]. 
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Suppose �9 is contained in L2(R~). Recall that  the bracket product [r Ck] is 

given by 

[r r162 = ~ r162 + 2"Z)~(r + 2"Z), 
~EZ ~ 

~�9 ~. 

Define the Gram matrix G~ by 

C~(~) := ([r ~ �9 ~s .  

Then the sequences (r k = 1 , . . . ,  n, are linearly independent if and 

only if det Gr r 0. 

In order to prove Theorem 8.1 we observe that (a) implies (b) trivially. It 

was proved in [9] that (b) implies (c). The implication (d) ~ (a) is well known. 

See [12] for an explicit Lp-approximation scheme. It remains to prove (c) 

(d). This was proved by de Boor [2] for the case where ~ consists of a single 

function. For the general case, we need some auxiliary results about polynomials 

and polynomial sequences. Let Tr be the mapping given by 

T c ( q l ' ' ' " q n )  := ~ E r  a)qk(a), 
k : l  aEZ s 

for (ql,---,  qn) �9 I'In. 

LEMMA 8.2: Le t  �9 = {r ,r be a collection o f  integrable  func t ions  on N s 

w i th  c o m p a c t  suppor t .  T h e n  the  fol lowing condi t ions  are equivalent .  

(a) T h e  sequences  (r , k -- 1 , . . . ,  n, are l inearly independent .  

(b) Tr  qn) = 0 for po l ynomia l s  q l , . . . ,  q,, impl ies  ql . . . . .  qn -- O. 

(c) A n y  p o l y n o m i a l  q �9 S ( g~ ) can be unique ly  represented as Tr  q,~ ) for 

s o m e  po l yno mi a l s  ql , . . . , qn. 

Proof: As in the proof of Theorem 7.2, there exist functions r  ~bm �9 L1 (I~ s) 

such that  they vanish outside the unit cube [0, 1) ~ and {r J = 1 , . . . ,  m} 

forms a basis for S(~)[[0,1)~. Then each Ck (k -- 1 , . . .  ,n) can be represented as 

(8.2) r = ~ r 
5=1 

where ajk (j = 1 , . . . ,  m; k = 1 , . . . ,  n) are finitely supported sequences on Z s. 

Let 
gjk(z) := ~ ajk(~lz-~, z �9 ( c \ {0} )  s 

~EZ ~ 
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m For given v l , . . .  ,vm �9 e(Z~), the function f := ~ j = l  Cj*'vj lies in S(q~) if and 

only if the following system of linear partial difference equations 

n 

(8.3) ~9 jk (7 - )uk  = vj, j = 1 , . . . , m ,  
k= l  

is  s o l v a b l e  fo r  ( ' ~ 1 , . - "  ,'tin)�9 (~(Zs)) n" 
Now we restrict the difference operators gjk(~') to the space ]P(ZS). From (8.2) 

we deduce that  

= k = 1 , . . .  

j = l  

where e is the s-tuple (1 , . . . ,  1). Since the shifts of r  Cm are linearly in- 

dependent, the sequences (~j(27rfl))~ez~,, j = 1 , . . . ,  m, are linearly independent 

(see [13]). Thus, the sequences (r (k = 1 , . . . , n )  are linearly inde- 

pendent if and only if the matrix G := (gjk(e))l<_j<_m3<k<n has rank n. We 

observe that Tr  %) -- 0 if and only if 

~ g j k ( T ) q k  = 0 .  
k = l  

By Theorem 5.2, we conclude that conditions (a) and (b) are equivalent. 

Obviously, (c) implies (b). It remains to prove (b) implies (c). To this end, let 

e l , . . . , e s  be the unit coordinate vectors in N s, and let Vt (t = 1 , . . . , s )  be the 

difference operator given by V t f  = f - f(" - et). Let q E S(O) AII and assume 

that  q = ~ j = l  ~/)j*'Vj for some sequences v l , . . .  ,Vm. We claim that v l , . . .  ,Vm 
are polynomial sequences. Indeed, if q is a polynomial of degree less than r, then 

m 

=0, tq . . . , s .  
j = l  

Since the shifts of r  are linearly independent, we have V'~vj = 0 for 

t = 1 , . . . , s  and j = 1 , . . . , m .  This shows that Vl , . . . ,Vm are polynomial se- 

quences. Since q lies in S((I)), there exist sequences u l , . . . , u n  satisfying the 

system (8.3) of linear partial difference equations; hence (8.3) is compatible. 

Moreover, condition (b) tells us that the associated homogeneous system of (8.3) 

only has the trivial solution. Thus, by Theorem 5.1, the system (8.3) is uniquely 

solvable for (u l , . . .  ,un) E ]P(ZS) ~. This shows that q can be uniquely repre- 

sented as T~(q l , . . . ,  q~) for some polynomials q l , . - - ,  q~- | 
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LEMMA 8.3: Let F be a linear mapping from Hr to H. Suppose F commutes 

with the shift operators, that is, 

F(q(. - a)) = ( F q ) ( . -  ~) Vq E Hr and a E Z ~. 

Then there exists a polynomial f E Hr such that 

F(q) = f ( r )q  Vq E Hr. 

Proof," We use A r to denote the set {~ E N~: I~1 < r}, For/~ e N~, let q~ denote 

the monomial given by qr (z) = z f~. We wish to find a polynomial f E H~ such 

that 

(8.4) f(r)q~(O) = cz := Fqf3(O) V/~ E At .  

a~z ~. Then the above equation is equivalent to the Suppose f ( z )  = ~ - : ~  

following: 

(8.5) E a~c~z = cf~, fi E At. 
o~EA,- 

The matrix (aZ)a,~eA~ is nonsingular. Indeed, if b~ (/~ E Z s) are complex num- 

bers such that  ~--~/~e/,~ b~ a~ = 0 for all a E At, then b/~ = 0 for all/3 E A r  (see, 

e.g., [1, w Thus, there exists a unique vector (a~)aeA~ satisfying (8.5). With 

as chosen in this way, the polynomial f ( z )  = ~ e z x ~  a~ z~ satisfies (8.4). Since 

the monomials qz (/3 E At) span Hr, it follows that Fq(O) = f(r)q(O) for all 

q E Hr. For any 3' E Z s, we have 

Fq(7) = F(q(. + 7))(0) = f('r)q(. + 7)(0) = f(T)q(7). 

Thus, the two polynomials Fq and f('r)q agree on Z s. Hence Fq = f(T)q for all 

q E Hr. This completes the proof. 1 

Proof of Theorem 8.1: It remains to prove (c) ~ (d). Suppose q E H~-I. Then 

q E S((I)), and by Lemma 8.2 there exist unique polynomials q l , . . . ,  qn such that 
n 

q : ~ Z ~k(.- ~)qk(~). 
c~EZ ~ k = l  

For each k, the mapping Fk: q ~ qk is a linear mapping from II~-i to II which 

commutes with shift operators. By Lemma 8.3 we can find a polynomial fk E 

IIr-1 such that  Fkq = fk(z)q for all q E II~-l. It follows that, for each q E H~-I, 
n n 

E E - E - 
c~EZ s k = l  c~EZs k = l  

= Z r  ~)q(~), 
c~EZ s 
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where r := ~ = 1  fk(T)r belongs to S0(G). This shows that (c) implies (d). 
| 
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