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ABSTRACT

In this paper we investigate the structure of finitely generated shift-
invariant spaces and solvability of linear operator equations. Fourier trans-
forms and semi-convolutions are used to characterize shift-invariant spaces.
Criteria are provided for solvability of linear operator equations, includ-
ing linear partial difference equations and discrete convolution equations.
The results are then applied to the study of local shift-invariant spaces.
Moreover, the approximation order of a local shift-invariant space is char-
acterized under some mild conditions on the generators.

1. Introduction

The purpose of this paper is to investigate the structure of finitely generated shift-
invariant spaces and solvability of linear operator equations. Our emphasis will
be placed on finitely generated local shift-invariant spaces, that is, shift-invariant
spaces generated by a finite number of compactly supported functions. It will be
demonstrated that linear operator equations play an important role in the study
of local shift-invariant spaces. Fourier transforms and semi-convolutions will be
used to characterize shift-invariant spaces. Moreover, the approximation order
of a local shift-invariant space will be characterized under some mild conditions
on the generators.

A linear space S of functions from R* to C is called shift-invariant if it is
invariant under shifts (multi-integer translates), that is,

feS = fl-a)eS VaeZ.
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Let ® be a set of functions from R® to C. We denote by Sg(®) the linear span of
the shifts of the functions in ®. Then Sp(®) is the smallest shift-invariant space
containing ®.

Let f be a (Lebesgue) measurable function on R®. For 1 < p < oo, let

Ii= ([ If(w)l”dw>1/p.

For p = 00, let ||f]l be the essential supremum of f on R*. We denote by
L,(R®) the Banach space of all measurable functions f on R® such that | f||, is
finite.

If ® is a subset of L,(R®) (1 < p < o0), we write Sp(®) for the closure of
So(®) in Ly(R?). Thus, Sp(®) is the smallest closed shift-invariant subspace of
L,(R?) that contains ®. The functions in ® are called the generators of S,(®).
If @ is a finite subset of L,(IR?), then S,(®) is said to be a finitely generated
shift-invariant space. In particular, if ® consists of a single function ¢, then
Sp(¢) is called a principal shift-invariant space (see [3]).

There are two ways to describe the structure of a finitely generated shift-
invariant space. One way is to use the Fourier transforms of the generators. The
other way is to employ the semi-convolutions of the generators with sequences
on Z°.

If f € Li(R®), the Fourier transform f is defined by
f(€) = | J@eTdn, ek,

The domain of the Fourier transform can be naturally extended to include L, (R®).

In [4], de Boor, DeVore and Ron gave the following characterization of a finitely
generated shift-invariant subspace of Ly(R?®) in terms of the Fourier transforms
of the generators. For a finite subset ® of Ly(R®) and a function f € Ly(R®), f

lies in S2(®) if and only if
F=> 14

ped
for some 27m-periodic functions 74, ¢ € ®.

The proof of this result given in [4] relies on the known characterization of
doubly-invariant spaces (see [8]). On the other hand, the special case of a princi-
pal shift-invariant space was treated in [3] without recourse to the general theory
of doubly-invariant spaces developed in [8]. In Section 2 we will give a simple
proof of this result without appeal to the general tools used in [8] such as the
range function and the pointwise projection.
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It is also interesting to use semi-convolution to describe the structure of a
finitely generated shift-invariant space. A function from Z° to C is called a
sequence. Let £(Z°) denote the linear space of all sequences on Z°, and let
£o(Z#) denote the linear space of all finitely supported sequences on Z°. Given a
function ¢: R® — C and a sequence a € £(Z°), the semi-convolution ¢ +’ a is
the sum

5 8 — aale).

A
This sum makes sense if either ¢ is compactly supported or a is finitely supported.
Let ® be a finite collection of compactly supported functions from R* to C. We
use S(®) to denote the linear space of functions of the form 3, 4 #*'ay, where
as (¢ € D) are sequences on Z*. Following [4] we say that S(®) is local. For
local shift-invariant spaces, see the work of Dahmen and Micchelli [5], de Boor,
DeVore and Ron [4] and Jia [9].

Let ® be a finite collection of compactly supported functions in L,(R?)
(1 < p < 00). In Section 3 we will prove that S(®) N L,(R®) is always closed in
L,(R®); hence Sp(®) is a subspace of S(®) N Ly(R?*). In Section 4 we will show
that S(®) N Ly(R®) = S2(®). Consequently, a function f € Ly(R®) lies in S(®)

if and only if
f=3 ¢ay
$ed
for some sequences a, on Z°, ¢ € ®. For general p, it is a difficult question
whether the two spaces S(®) N L,(R®) and S;(®) are the same.

When s = 1, it was proved in [11] that S,(®) = S(®) N Ly(R) for 1 < p < co.
The essence of the proof given in [11] rests on the fact that S(®) has linearly
independent generators. In Section 7 we extend this result to the case where
® consists of a finite number of compactly supported functions in L,{R®) whose
shifts are stable. Under such a condition we will show that S,(®) = S(®)NL,(R?)
for 1 < p < co. When p = 0o, a modified result is also valid.

The results of Section 7 are based on a study of discrete convolution equations.
As a matter of fact, discrete convolution equations can be viewed as linear partial
difference equations with constant coefficients. In turn, linear partial difference
and differential equations are special forms of linear operator equations. Section 5
is devoted to an investigation of linear operator equations. The general setting is
as follows. Let V be a linear space over a field K, and let A be a ring of commuting
linear operators on V. Consider the following system of linear operator equation:

n
E AjrUk = Uj, j=1,...,m,
k=1
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where \jy € Aforj=1,....mandk=1,...,n,v,...,0, €V, and uy,...,uy
are the unknowns. We will give a criterion for solvability of such linear operator
equations. The result is then applied to linear partial difference and differential
equations. On the basis of Section 5, we will establish a criterion for solvability
of discrete convolution equations in Section 6.

Finally, the study of linear operator equations will be used to investigate ap-
proximation by shift-invariant spaces. Let @ be a finite collection of compactly
supported functions in L,(R®*) (1 < p < o0). Let r be a positive integer. If ®
consists of a single function ¢ with ¢(0) # 0, then it is known that S(¢) provides
approximation order r if and only if S(¢) contains all polynomials of degree less
than 7. This result was established by Ron [17] for the case p = 0o, and by Jia
[9] for the general case 1 < p < oo. In Section 8 we extend their results to finitely
generated shift-invariant spaces. Let ® = {¢;,...,¢,}. Suppose the sequences
((;Sk(2wﬁ))gezs, k =1,...,n, are linearly independent. Under this condition we
will prove in Section 8 that S(®) provides approximation order r if and only if
S(®) contains all polynomials of degree less than r.

2. Shift-invariant subspaces of L(R®)

In this section we give a new proof for the following result established by de Boor,
DeVore and Ron in [4].

THEOREM 2.1: Let ® be a finite subset of L2(R®) and f € Ly(R®). Then f €
S2(®) if and only if
F=> ¢

¢c®
for some 2n-periodic functions 74, ¢ € .

Recall that Ly(R?) is a Hilbert space with the inner product given by

(f,9):= [ [f(z)g(z)dz,  f g€ L(R®),
RS
where g denotes the complex conjugate of g. We say that f is orthogonal to g
if (f,g) = 0. The orthogonal complement of a subspace V' of a Hilbert space is
denoted by VL. It is easily seen that S>(f) is orthogonal to Sa(g) if and only if

(f(-—a),g) = 0 for all a € Z°. The following lemma follows from basic properties
of the Fourier transform.

LEMMA 2.2: If f,g € Lo(R®), then the series

he) =Y f(e+2nB)5(E+ 2mP)

pBezs
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converges absolutely for almost every £ € R®. The Fourier coefficients of the
2n-periodic function h are (f(- — @), g), o € Z*.

The bracket product of two functions f and g in Ly(R®) is defined by

[, =Y fle+2mB)g€+2nB), EcR.

Bezs

In particular, if f and g are compactly supported, then

(2.1) [£,91e%) = Y (f(-—a),g)e™t  VEeR

a€Z®

The bracket product [f, g] was introduced in [14] (see Theorem 3.2 there) under
some mild decay conditions on f and g. This restriction was removed in [3].

The bracket product turns out to be a convenient tool in the study of
orthogonality in L,(R%). The following lemma is an easy consequence of
Lemma 2.2.

LEMMA 2.3: If ¢,9 € Lo(R®), then v is orthogonal to Sy(¢) if and only if
(¢, 9](e**) = 0 for almost every £ € R®. Moreover, {¢(- — a): a € R*} forms an
orthonormal system if and only if (¢, ¢](€%) = 1 for almost every £ € R®.

Proof of Theorem 2.1: Denote by F(®) the linear space of those functions
f € Lay(R®) for which f = 3 seo T¢(13 for some 27-periodic functions 7, (¢ € ®).
Suppose f € F(®). Then for every g € S3(®)* and almost every ¢ € R°,

[F,9)e®) = > (69, g)(¢*) = 0.

¢ed

By Lemma 2.3, this shows that f is orthogonal to So(®)*; hence f € Sp(®)HL =
So(®). In other words, F(®) C Sz(®).

For the proof of F(®) 2 S3(®) we shall proceed by induction on #®, the
number of elements in ®. Suppose #® = 1 and & = {¢}. In order to prove
F(¢) = Sa(¢), it suffices to show that F(¢) is closed. Suppose f lies in the closure
of F'(¢). Then there exists a sequence (fy)n=1,2,... in F(¢#) such that |frn=fllz—0
as n — oo. It follows that || fo—f 2 = 0. By passing to a subsequence if
necessary, we may assume that fn converges to f almost everywhere. Since
fn € F(d), fo= Ta¢ for some 2n-periodic function 7,. Let

E:={¢ecR: ¢ +28m)=0 VBeZ}.
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Then FE is 27-periodic, i.e., £ € E implies £ + 207 € F for all § € Z*. For each
n, let

&) ifE¢E,
An(8) = {o it €€ E.

Evidently, A, is 2m-periodic and fn = A.¢. Since fn converges to f almost
everywhere, for almost every € € R, lim,_, fn(f +267) = f(& + 2B7) for all
B € Z°. Let & be such a point. If £ € F, then A, (§) = 0 for all n. If £ ¢ E, then
d;(f + 207) # 0 for some 3 € Z°. Consequently,

Jim An(€) = lim fu(¢+26m)/$(€ +26n) = F(€ +26m) /(€ + 26r).
This shows that A(€) := lim,— 00 An(€) exists for almost every £ € R®. Since each
An is 2m-periodic, the limit function A is also 2w-periodic. Taking limits of both
sides of f, = A, @, we obtain f = A@. This shows that f € F(¢). Therefore F(¢)
is closed.

Now assume that F($) = $2(®) and we wish to prove that F(®Uy) 2 Sa(PU)
for any ¢ € Lo(R®). Let Pg denote the orthogonal projection of Lo(R?) onto
S2(®), and let 1 denote the idéntity operator on La2(R®). Let p := (1 — Pg)1.
Then S(®) is orthogonal to S3(p), and hence S3(®) + Sz(p) is closed. With
g := Pp1p € S5(®) = F(P) we have p = ¢p—g € F(®U), and so Sz(p) = F(p) C
F(®U). But Sy(®) +S2(p) is closed, and ¢ = g+ p € S2(P) + Sz(p). Therefore
we have

F(@U ) 2 52(P) + S2(p) 2 S2(2UY).

This completes the induction procedure. |

3. Local shift-invariant spaces

Let ® be a finite collection of compactly supported functions in L,y(R®) (1 <
00). In this section we shall show that S(®) N L,(R?) is closed in L,(R?).
A measurable function f: R® — C is called locally integrable if

1l (K / |F(@)ldz < oo

for every compact subset K of RS. We denote by Ly, := Ljc(R®) the linear
space of all locally integrable functions on R®. For k = 1,2,.. ., the functional py

)= [ I

given by
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is a semi-norm on Lj,.. The family of semi-norms {px: k = 1,2,...} induces
a topology on Ly, so that L. becomes a complete, metrizable, locally convex
topological vector space. In other words, L, is a Fréchet space (see, e.g., (7,
p. 160]). Let (fn)n=1,2,.. be a sequence in Lj,.. Then f, converges to a function
f € Ly, if and only if for every compact subset K of R®, || fn — f|1(K) — 0 as
n — oo.

The following theorem shows that a finitely generated local shift-invariant
subspace of Lj,.(R®) is closed in it.

THEOREM 3.1: Let ® be a finite collection of compactly supported integrable
functions on R®. Then S(®) is a closed subspace of Lj,.{R?®). If ® is a subset of
L,(R®) for some p, 1 < p < oo, then S(®) N L,(R?) is closed in Ly(R®).

The proof of Theorem 3.1 is based on the author’s recent paper [9] on approx-
imation order of shift-invariant spaces. Let us recall some results from [9].

Let S = S(®), where @ is a finite collection of compactly supported integrable
functions on R®*. The restriction of S to the cube [0,1)° is finite dimensional.
Thus, we can find a finite collection {¢;: i € I} of integrable functions on R®
such that each 1; vanishes outside [0,1)* and {ts][p,1)s: ¢ € I} forms a basis for
Sljo,1ys- The shifts of the functions v; (i € I) are linearly independent; that is,
for sequences a; € (Z°) (i € I),

Y i =0 = a;=0 Viel
el
Let £(Z*)! denote the linear space of all mappings from I to £(Z*). We define
the linear mapping T from £(Z*)! to Lj,c(R?) as follows:
T(a) = Zwi*'ai for a = (a;)ies € 4(Z°).
i€l

Let V be the range of the mapping T. Then S(®) is a linear subspace of V.
A function f € V has the following representation:

(3.1) F=Y wf,

el

where f; € £(Z°), i € I. Suppose ® = {¢;: j € J}. Then f lies in S(®) if and
only if there exist sequences u; (j € J) on Z* such that

(3.2) f= Z di¥'u;.

Jj€J
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Since each ¢; is compactly supported and belongs to V, we can find finitely
supported sequences ¢;; on Z° (i € I,j € J) such that

(3.3) ¢ = Wiy,  JE

el
1t follows from (3.2) and (3.3) that

F=Y23 6i( - au;(e)

Jj€J a€L?

- Z Z Z Z PYi(- — a— B)eii (B)uj(a)

j€J a€ls icl GeZs

-Y T[S T wbula-s)uc-a.

i€l a€Zs “jeJ BELs

Comparing this with (3.1), we conclude that f lies in S(®) if and only if

(3.4) Y3 ci(Buja—p) = fila) VaeZ andiel

jeJ Bezs

Given o € Z°, we denote by 7* the difference operator on £(Z*) given by
%0 = a(- + a), a € U(Z°).

If p = ,czeCaz® is a Laurent polynomial, where c, = 0 except for finitely
many ¢, then p induces the difference operator

p(7) = Z CaT®.
a€EZ*
For i € I and j € J, let g;; denote the Laurent polynomial given by
gii(2) = > ()27, ze(C™{0})".

B€eZs
Then (3.4) can be rewritten as
(35) Zgi]’(T)u]’ = fi, 1€ 1.

JjeJ

We observe that (3.5) is a system of linear partial difference equations with
constant coefficients. This system of partial difference equations is said to be
consistent if it can be solved for (u;);es. It is said to be compatible if
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the following compatibility conditions are satisfied: For Laurent polynomials ¢;
(iel),

Y gy =0 VieJ = Y q(r)fi=0.

iel i€l
It was proved in [9, Theorem 3] that the system of partial difference equations
in (3.5) is comsistent if and only if it is compatible. This result is an extension
of the well-known Ehrenpreis principle for solvability of linear partial differential
equations with constant coefficients (see [6]).

Now let P denote the set of all Laurent polynomials in s variables. Let @ be

the subset of P! given by

Q= {(Qi)ieli Y aigi; =0 Vi€ J}-
i€l
Thus, we arrive at the following conclusion.
LEMMA 3.2: There exists a subset Q of P’ such that a function f = Y ;. ¥i¥ f;
lies in S(®) if and only if
(3.6) Y amfi=0  V(g)ier €Q.
i€l
We are in a position to establish Theorem 3.1.

Proof of Theorem 3.1: First, we show that V is a closed linear subspace of
Lioc(R?). Since {ti|j0,1)s: @ € I'} is linearly independent, there exist two positive
constants C; and C; such that for f =T(a) € V and for all 8 € Z*,

(3.7) & e < I (B +10,17) < Co 3 lau(B)

el i€l

Let (f("))nzl,g,_“ be a sequence in V converging to a function f in L, (R?).
Suppose f(* = T(a{™). Then by (3.7) we have

|a™ (8) = o™ (B)] < CTHIT™ = 7 1(8+[0,1)%)

forall i € I and 8 € Z°. This shows that (aﬁ") (8))n=1,2,... is a Cauchy sequence
of complex numbers. Let a;(8) := lim, 00 aEn)(ﬂ) and a := (a;);es. Using (3.7)
again, we see that for all § € Z°

IT(a) = T(@™)[[:(B+1[0,1)°) < C2 Y _|a(B) ~ o™ (B)].

i€l
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Hence T(a{™) converges to T(a) in L;oc(R?®). In other words, f = T(a), thereby
proving that V is closed in Lj,.(R?).

Next, we show that S(®) is closed in V. Let (f(n))n=l,2,... be a sequence in
S(®) converging to f € V. Suppose (™ = T(a(™) for each n and f = T(a).
Then the preceding paragraph tells us that for each i € I and each 8 € Z°, az(.") (8)
converges to a;{3) as n — co. In other words, agn) converges to a; pointwise.
Since each f(™ lies in S(®), by Lemma 3.2 we have
(3.8) S a(n)a =0 V(g €Q.

i€l
For a fixed element (¢;)ie; € @ and a fixed 8 € Z°, ¢;(7)a;(3) only involves
finitely many a;(a), a € Z°. Letting n — oo in (3.8) we conclude that

Y a(Na=0 V(g €Q.

i€l
This shows that f = T(a) lies in S(®), by Lemma 3.2. Therefore, S(®) is a
closed subspace of Lj,.(R®).

Finally, suppose that ® is a subset of L,(R?) for some p, 1 < p < oco. If
(f("))nzl,z,m is a sequence in S(®)NL,(R®) converging to f in L,(R*), then f)
converges to f in the topology of Lj,.(R*). Hence f lies in S(®) by what has
been proved. This shows that S(®) N L,(R®) is closed in Lp{(R?). 1

4. Local shift-invariant subspaces of L(R®)

Let & be a finite collection of compactly supported functions in Ly(R?®). In (3]
de Boor, DeVore and Ron demonstrated that the two spaces S(®) N Ly(R®) and
S,(®) provide the same approximation order. However, they left the question
open whether these two spaces are the same. In this section we show that these
two spaces are indeed the same. Consequently, we give a characterization for
S,(®) in terms of the semi-convolutions of the generators with sequences on Z°.

THEOREM 4.1: Let ® be a finite collection of compactly supported functions in
Ly(R?%). Then S(®) N Ly(R®) = So(®). Consequently, a function f € Ly(R®) lies
in So(®) if and only if
f=3 ¢¥a
$ed
for some sequences ay on Z°, ¢ € P,

In our proof we use the following two basic facts. First, if f € Lz(R®) and
a € £y(Z°), then

(4.1) F¥a(€) = f(®a(e ™), EeRr,
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where a(z) := Yz, a{@)z® is the symbol of a. Second, if f € L2(R®) and
g = f+'a for some nontrivial sequence a € £,(Z°), then Sy(f) = S2(g) (see [4,
Corollary 2.5)). Indeed, g = f*'a implies

9(6) = f(©)ale™®) and f(&) = §(é)/a(e™™), forae (R,

where d(e~%) is a 2m-periodic trigonometric polynomial. So f € Si(g) and
g € S2(f) by Theorem 2.1.

We also need the following lemma (cf. [14, Theorem 4.4] and [4, Theorem
3.38)).

LEMMA 4.2: Let ® be a finite collection of compactly supported functions in
L,(R®), and let Py denote the orthogonal projection of Ly(R®) onto S2(®). Then
there exists a nontrivial sequence b € £5(Z°) such that for every compactly sup-
ported function g € L2(R®), Ps(g*'b) is compactly supported.

Proof: The proof proceeds by induction on #®. Suppose ® consists of a single
function ¢ # 0. For a compactly supported function g € L,(R?®), let h and u be
the functions determined by

h(€) = [6,0)(¢€)3(€) and 4(€) = [g,8(e®)(€), EER.

Let b and ¢ be the sequences such that b(e%) = [¢,#](e¥¥) and &e %) =
[9,](e®), € € R®. Note that the sequence b is independent of g. Since both
g and ¢ are compactly supported, (2.1) tells us that both b and c are finitely
supported. Moreover, by (4.1) we have h = g¥'b and u = ¢*’c. We find that

[h—u, ¢] = [h, 8] — [u, ¢] = [¢, 8llg, 6] — 9, 4]l$, ¢] = O,

so u = Pyh = P4(g+'b). But u = ¢+’c is compactly supported.

Now assume that the lemma is valid for a finite set ® of compactly supported
functions in L,(R®). We wish to prove that it is also true for ® U, where ¢ is
a compactly supported function in Lo(R®). By the induction hypothesis, there
exists a nontrivial sequence b € £5(Z*) such that for every compactly supported
function g € Ly(R®), Ps(g#'b) is compactly supported. Let p := 1*'b— Py (1)'b).
Then p is compactly supported. Moreover, since S(v) = S2(1+'b), the space

Sp(@ U ) = S3(D U (Px'd)) = S2(@ U p)

is the orthogonal sum of S3(®) and S2(p). By what has been proved, there
exists a nontrivial sequence c such that for every compactly supported function
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g € Ly(R?), P,(g+'c) is compactly supported. Note that g+’ (b c) = (g*'b)*'c =
(g¥'c)*’b. Therefore, for every compactly supported function g € Ly(R?),

Pouy(g ' (bxc)) = Pa(g ' (bxc)) + Py(g ¥ (b*c))

is compactly supported. |

Proof of Theorem 4.1: Theorem 3.1 shows S(®) N Ly(R?*) 2 S2(®), so we only
have to show S2(®) D S(®)NLy(R*). The latter was proved in [3, Theorem 2.16]
for the case #® = 1. For the general case we argue as follows. Let

f = Z ¢*'a¢ S S(q)) n Lz(Rs)
PED
We wish to prove f € Sy(®). For this purpose, we observe that for every
compactly supported function g € Sy(®)*,

(fr9) =) > (8-~ a),g)ag(e) =0.

PED n€Zs
By Lemma 4.2 we can find a nontrivial sequence b € £4(Z°) such that for every
function b € L2(IR®) with compact support, Pg(h+'b} is compactly supported.
Let g € S2(®)'. Then Pg(g+'b) = 0. There exists a sequence (gn)n=1,2,.. Of
compactly supported functions in La(R®) such that ||g, — ¢]]2 = 0 as n = oo.
Let

By = gn¥'b— Pa(gn*'b).

Then each h,, is compactly supported and h, € So(®)*. Hence (f,h,) = 0 for
n=1,2,.... Furthermore,

Jim (£, ) = (£,g¥'b = Polg+D)) = (f,9%'8).

This shows (f,g*'b) = 0. Let ¢ be the sequence given by c(a) = b(—a) for all
o € 7°. Then {f, g¥'b) = 0 implies

(fre.g) = _(f(- - a),g)c(e)

a€Zs

= Y {f,9(-+ @)l@)) = (£, gx'b) = 0.

aEZs

This is true for all g € S3(®)L; hence f+'c € Sy(®)*L = S3(®). Therefore we
have f € S2(f+*'c) C Sa(®P), as desired. |
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5. Linear operator equations

In this section we establish a criterion for solvability of linear operator equations
and then apply the result to linear partial difference and differential equations
with constant coefficients. The study of linear operator equations is important
for our investigation of local shift-invariant spaces.

Let K be a field, and let V be a linear space over K. Given a linear mapping
X on V, we use ker) to denote its kernel {u € V: Au = 0}. Thus, A is one-to-one
if kerA = {0}. If X is both one-to-one and onto, then we say that A is invertible.

Let L(V) be the set of all linear mappings on V. Then L(V) is a ring under
addition and composition. The identity mapping on V is the identity element of
L(V). In general, L(V') is noncommutative.

We are interested in commutative subrings of L{V) with identity. Let A be
such a subring. The ideal generated by finitely many elements Ay,..., A, in A is
denoted by (A1,..., A ). Anideal I of A is said to be invertible if I contains an
invertible linear mapping. Note that the inverse of an invertible linear mapping
A € A is not required to lie in A. The kernel of I, denoted kerl, is the intersection
of all ker), A € 1.

Consider the following system of linear operator equations:

(51) Z/\jkukzvjv j:l,...,m,
k=1

where Ajy e Afor j=1,...,mandk=1,...,n,v1,...,vn €V, and uy,...,u,
are the unknowns. Our purpose is to give a criterion for solvability of (5.1).
Linear operator equations with one unknown (n = 1) were investigated by Jia,
Riemenschneider and Shen in [15].

We say that the system (5.1) is consistent if there exist u;,...,u, € V that
satisfy the equations in (5.1). Two systems of linear operator equations are said to
be equivalent if they have the same solutions. We say that (5.1) is compatible
if for any py,...,4m € A with Z;":I pirjk = 0, k = 1,...,n, one must have
Z;”zl piv; = 0. Evidently, if (5.1) is consistent, then it is compatible.

If we replace every vector v; (j = 1,...,m) in (5.1) by the zero vector, then
the resulting system is called the associated homogeneous system. Thus, the
solutions of (5.1) are unique if and only if the associated homogeneous system
only has the trivial solution.

THEOREM 5.1: Let A be a commutative subring of L(V') with identity. Suppose
that every finitely generated ideal I of A with ker I = {0} is invertible. Then the
system (5.1) of linear operator equations is uniquely solvable for ui,...,u, in V
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if and only if it is compatible and the associated homogeneous system only has
the trivial solution.

Proof: It is obvious that the two conditions are necessary for the system (5.1) to
be uniquely solvable. The proof of sufficiency proceeds by inductions on n.
Suppose n = 1 and consider the system of linear operator equations

(5.2) )\juzvj, j= 1,...,m.

By the assumption, the associated homogeneous system

only has the trivial solution. In other words, ker(Ay,...,An) = {0}; hence
(M,..-,Am) is invertible. Thus, there exist pi,...,4m € A such that v :=
B1A1 + -+ B Ay 1s invertible. Let

U= V_l(:ulvl + o+ P Um)-

We claim that u satisfies the equations in (5.2). Indeed, since (5.2) is compatible,
we have \jur = A\gv; for j,k € {1,...,m}. Therefore

m m m
vAju = Aj{vu) = Z/\j,ukvk = Zuk()\jvk) = Zﬂk/\kvj = vvj.
k=1 k=1 k=1

But v is invertible, so it follows that Aju =v; for j =1,...,m.

Let n > 1 and assume that the theorem has been verified for n — 1. We
shall prove that (5.1) is uniquely solvable under the conditions stated in the
theorem. Note that the kernel of the ideal (A11,. .., A1) is trivial, for otherwise
the associated homogeneous system would have nontrivial solutions. Thus, there
exist p1,..., m € A such that the linear mapping v := p1A11 + - + fimAm1 is
invertible. Apply v to both sides of each equation in (5.1):

n
(5.3) Zw\jkuk = vvj, j=1,...,m.
k=1

Since v is invertible, two systems (5.1) and (5.3) are equivalent. Let

m m
Vg 1= Z/J/]"Uj and  Agg = Zﬂj/\jk, k=1,...,n.
j=1 Jj=1
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Then Ag1 = v, and the equation
n
(5.4) Z /\()k'u,k =
k=1

is a consequence of (5.1). For each j = 1,...,m, apply Aj1 to both sides of (5.4)
and subtract the resulting equation from (5.3). In this way we obtain

n

(5.5) Z()\m)\jk - )\jl)\()k)’u,k = )\011)]' - /\jl'UO, ] = 1, ey,
k=2

The system consisting of the equations in (5.5) and the equation in (5.4) is
equivalent to the original system of equations in (5.1).

Now let us show that (5.5) is uniquely solvable for (us,...,u,). By the induc-
tion hypothesis, it suffices to verify that (5.5) satisfies the two conditions stated
in the theorem. First, since the original system (5.1) is compatible, so is (5.5).
Second, the homogeneous system associated to (5.5) only has the trivial solution.
Indeed, if (ug,...,u,) is a nontrivial solution of the homogeneous system, then
we can find u; € V such that

Ao1u1 = —(Aoguz + - + Aonln),

because Ag; = v is invertible. Thus, (u1,us,...,u,) would be a nontrivial solu-
tion to the homogeneous system associated with (5.1), which is a contradiction.

We have proved that (5.5) is uniquely solvable. Let (ua, ..., uy) be the solution.
Since Ag1 = v is invertible, we can find u; € V such that

n
vuy = vg — E Aok Uk-
k=2

Consequently, (uy,us,...,u,) is the unique solution of (5.1). n

Next, we discuss two special linear operator equations: linear partial difference
equations and linear partial differential equations. Theorem 5.1 will be used to
give criteria for solvability of those equations.

Let II(C®) denote the linear space of all polynomials of s variables with coef-
ficients in C. For a nonnegative integer d, we denote by II4(C?) the subspace of
all polynomials of (total) degree less than or equal to d. If no ambiguity arises,
we write I for II{(C®) and II; for II4(C?), respectively.

A mapping a from Z° to C is called a polynomial sequence, if there is a
polynomial q of s variables with coefficients in C such that a(a) = g(a) for all
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a € Z°. The degree of a is the same as the degree of g. Let IP(Z°) denote the
linear space of all polynomial sequences on Z*.

Suppose p(z) = Y, czs caz® is a Laurent polynomial of s variables with coef-
ficients in C, where ¢, = 0 except for finitely many «. Let e denote the s-tuple
(1,...,1). Then p(e) = Y ,czs Ca- The p\olynomial p induces the difference op-
erator p(7) = }_ cz: CaT®. It is easily seen that p(r) maps IP(Z*) to itself. For
a sequence a on Z° we have

(" =1Na=qa(+a) —a.

Hence (7* — 1)a = 0 if a is a constant sequence. Moreover, if a is a polynomial
sequence, then (7* — 1)a is also a polynomial sequence of degree less than the
degree of a. Thus, if p(e) = 0, then the difference operator p(r) is degree-
reducing; that is, for any polynomial sequence a, p()a is a polynomial sequence
of degree less than the degree of a. Consequently, p(7) is invertible on IP(Z*) if
and only if p(e) # 0. Indeed, if p(e) = 0, then p(7)a = 0 for any constant sequence
a. If p(e) # 0, then we can write p = ¢ — pg, where ¢ = p(e) and po(e) = 0. Thus,
po(7) is degree-reducing, and so pj+!(r)a = 0 for all polynomial sequences a of
degree n. Given a polynomial sequence a of degree n, the equation p(7)r = a has
a unique solution

r=[1/e+po(r)/c* + - +p5(r)/c" ]a.

This shows that p(7) is invertible.

Let A be the ring of all partial difference operators of the form p(7), where p is a
Laurent polynomial of s variables with coeflicients in C. Then A is a commutative
ring with identity. If I is a finitely generated ideal of A with ker] = {0}, then
I is invertible. To see this, let I be the ideal generated by p;(7),...,pm{(7). If
kerI = {0}, then for at least one j, p,(e) # 0, for otherwise the constant sequences
would lie in the kernel of I. But p;(e) # 0 implies that p;(7) is invertible. This
shows that I is invertible.

THEOREM 5.2: Let pjx (j =1,...,m;k =1,...,n) be Laurent polynomials of
s variables with coefficients in C. The homogeneous system of linear partial
difference equations

n
(5.6) dopik(Muk=0, j=1,...,m,
k=1
only has the trivial solution if and only if the matrix

P = (pjk(e))lgjgm,lgkgn
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has rank n. Consequently, for given polynomial sequences vy, ..., vy, the system
of equations

k23

ijk(r)uk:vj, j=1,...,m,

k=1
is uniquely solvable for (uy,...,u,) € IP(Z°)" if and only if the matrix P has
rank n and the system is compatible.

Proof: If the rank of P is less than n, then there exists a nonzero vector
(ay,...,ay) in C* ~{0} such that

(65.7) ijk(e)ak =0 forj=1,...,m.
k=1
For each k, let u; be the constant sequence o — ay, @ € Z°. Then (uy,...,u,)

is a nontrivial solution to the homogeneous system (5.6).

Conversely, suppose that.the homogeneous system (5.6) has a nontrivial solu-
tion (u1,...,u,). We observe that for any polynomial ¢, (g(T)uy,...,q(T)uy) is
also a solution of (5.6). We can find a polynomial g such that g(7)us,...,q(T)un
are constant sequences but q(7)ugr # 0 for at least one k. Let ax = g(7)ux(0)
for k =1,...,n. Then the complex vector (as,...,a,) satisfies (5.7). Hence the
rank of the matrix P is less than n. This proves the first part of the theorem.

The second part of the theorem follows immediately from the first part of the
theorem and Theorem 5.1. |

The rest of this section is devoted to a study of linear partial differential equa-
tions. For this purpose we need the multi-index notation. Let N be the set of
positive integers, and let Ny := NU {0}. An element in Nj is called a multi-

index. If & = (ay,...,0q,) is a multi-index, then its length |a| is defined by
la) == a3 + -+ + s, and its factorial is defined by o! := oy!---a,!. For two
multi-indices o = (ay,...,0) and 8 = (f1,...,0:), by a < B, or B > «, we
mean o; < G forj=1,...,s.

Let o € N§ be a multi-index. The differential operator D on II(C?®) is defined

by
o E § ,3' —-a

BeN; Ao
A polynomial p = ZaeNf) aq2% induces the differential operator ZaeNg aa D,
which is denoted by p(D).
The differential operator p(D) is invertible on IT if and only if p(0) # 0. Indeed,
if p(0) = 0, then p(D)1 = 0. Conversely, if p(0) # 0, then we may write p = c—po,
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where ¢ = p(0) and py is a polynomial with pg(0) = 0. Then for any polynomial
q of degree n, the equation p(D)r = q has a unique solution

r=[1/c+po(D)/* + - +p§(D)/c*+]q.

This shows that p(D) is invertible.

Let A be the ring of all linear partial differential operators of the form p(D),
where p is a polynomial of s variables with coefficients in C. Then A is a commu-
tative ring with identity. If I is a finitely generated ideal of A with ker] = {0},
then I is invertible. To see this, let I be the ideal generated by p1(D}, ..., pm{D).
If ker! = {0}, then p;(0) # O for at least one j, for otherwise the constants would
lie in ker/. But p;(0) # 0 implies that p;(D) is invertible on II. This shows that
1 is invertible.

The following theorem can be proved in the same way as Theorem 5.2 was
done.

THEOREM 5.3: Let pjx (j =1,...,m;k =1,...,n) be polynomials of s variables
with coefficients in C. The homogeneous system of linear partial differential
equations

ijk(D)uk:O) ji=1...,m,
k=1

only has the trivial solution if and only if the matrix

P = (pjk(o))1_<_j§m,1SkS"

has rank n. Consequently, for given polynomials vs,...,vn, the system of
equations

n
ijk(D)uk:vj) j=1a-"am7
k=1

is uniquely solvable for (uy,...,uyn) € II" if and only if the matrix P has rank n
and the system is compatible.

6. Discrete convolution equations

In this section we shall give a criterion for solvability of discrete convolution
equations.

Recall that £(Z°) is the linear space of complex-valued sequences on Z°, and
£5(Z?) is the linear space of all finitely supported sequences on Z°. Moreover,
we use cg(Z*) to denote the linear space of all sequences a on Z° such that
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limjg|50 a{a) = 0, where |of 1= g} + - + fa,| for a = (o,...,0a,) € Z°.
Given a sequence a on Z°, we define

ol = (2 |a<a)|p)1/p, L <p<oo

o€ELS

For p = oo, we define ||al|o to be the supremum of {|a(a)|: o € Z*}. For
1 < p < 0o we denote by £,(Z°) the Banach space of all sequences a on Z° such
that ||all, < .

Given a € £(Z?), the formal Laurent series 3 .,. a(a)z® is called the symbol
of a, and denoted by a(z). If a € £;(Z*), then the symbol & is a continuous
function on the torus

T = {(21,---,25) e C: ‘Z1‘1 == ‘Zsl = 1}

If a € £4(Z*), then a is a Laurent polynomial.
For a,b € £(Z°), we define the convolution of a and b by

ab(e) = Y ala- (),  ae,
BeZs

whenever the above series is absolutely convergent. For example, if § is the
sequence given by §(a) = 1 for & = 0 and §{a) = 0 for o € Z° {0}, then axé = a
for all a € £(Z°). Evidently, for a € £o(Z°) and b € £(Z°), the convolution a*b is
well defined.

Let a be an element in £y(Z°) such that a(z) # 0 for all z € T°. For given
v € £o(Z?), the discrete convolution equation

axu = v

has a unique solution for u € £,(Z°). To see this, let

1 1 )
= ety z.
cla) ) /{0,%)3 &(e’f)e '3 o€

Then the sequence ¢ decays exponentially fast, and &(z)a(z) = 1 for all z € T°.
Hence cxa = 6. If axu = v, then it follows that

u = §xu = (cxa)*u = cx(a*u) = cxv.

This proves uniqueness of the solution. Moreover, if v lies in £,(Z*) for some p,
1 < p < o0, then the solution u lies in £,(Z°); if v € ¢o(Z°), then the solution u
also lies in ¢4(Z°).
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Consider the system of discrete convolution equations
k2]
(61) Zajk*uk:vja j:].,...,m,

where ajx € £(2°) (j =1,...,m;k =1,...,n) and v; € {Z°) (j = 1,...,m).
We say that this system of equations is compatible if for any ¢, ..., ¢y € £{Z%)
with Z_;nzl ¢i*ajr =0, k =1,...,n, one must have Z;;l cjxv; = 0.

THEOREM 6.1: Let v1,...,v, € €xo(Z°). Suppose that the system of discrete
convolution equations in (6.1) is compatible. If the matrix

A(z) = (djk(z))lgjgm,lgkgn

has rank n for every z € T°, then the system of equations in (6.1) is uniquely

solvable for (uy,...,un) € (£oo(Z°))™. Furthermore, if v1,...,vm lie in £,(Z°) for
some p, 1 < p < 0o, then the solutions u.,...,u, also lie in £,(Z°); if vy,...,vm
lie in co(Z?), then the solutions uy, ..., u, also lie in ¢o{Z°).

Proof: For j =1,...,m, let ¢; be the sequence given by ¢;(a) = a;1(~a), a € Z°.
Then ¢;(z) = a;1(z) for z € T°. Let aor := 32, ¢j*aze, k = 1,...,n. Since

A(z) has rank n, the Laurent polynomials @11(z), ..., @m1(2z) do not have common
zeros in T®. Hence
m m
601(2) :Z i Z‘G,Jl >0 vz € T®.
=1 =1

Since dp1(z) > 0 for all z € T, the equation ag1¥u; = vg is uniquely solvable
for u in £,,(Z%). Let uy be the solution. By the assumption, the original sys-
tem of equations in (6.1) is compatible; hence ag1*v; = aj1¥vg. It follows that
@o1%aj1¥U; = Qj1%Vp = Ag1*v;. Therefore, a;i1xu1 = vj for j = 1,...,m. This
shows that u; is the unique solution to the system of equations in (6.1).

The proof proceeds with induction on n. Suppose n > 1 and the desired result
is valid for n — 1. Let ¢; (j = 1,...,m) and agx (k = 1,...,n) be the same
sequences as in the above. Let wp 1= vg = Z;’L:l Cj¥Uj, Wy 1= Qp1*Vj — Gj1%Wp
(j=1,...,m), and

bjk := Go1*G;k — Qj1*Aok, j=1,....m;k=2,...,n
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Then wg, wi, . . ., W € £eo{Z*). Consequently, (6.1) is equivalent to the following
system of equations:

n

(6.2) Za(,k*uk = wq
k=1
and -
n
(6.3) Y bpprug =w;,  j=1,...,m.
k=2

We observe that (6.3) is compatible and the matrix B(z) := (bjx(2))1<j<m,2<k<n
has rank n — 1 for every z € T®. Thus, by the induction hypothesis, (6.3) is
uniquely solvable for ug,...,u, in £ (Z%). Once us,...,u, are obtained, u; is
uniquely determined from (6.2). This completes the induction procedure.

Finally, if vy, ..., vy, lie in £,(Z°) for some p, 1 < p < oo, then the above proof
shows that the solutions uy,...,u, also lie in £,(Z°). The same conclusion holds
true for ¢o(Z°). |

7. Stable generators

Let @ be a finite subset of L,(R®) (1 < p < oo). In this section, we shall charac-
terize Sp(®) in terms of the semi-convolutions of the generators with sequences
in £,(Z%), if the shifts of the functions in ® are stable. If, in addition, the func-
tions in ® are compactly supported, we shall prove S,(®) = S(®) N L,(R®) for
1 < p < oco. When p = oo, we denote by Lo o(R®) the subspace of Lo (R®)
consisting of all functions f € Ly (R®) such that ||f|leo(R® N[k, k]°) = 0 as
k — co. We shall prove Soo(®) = S(®) N Lo o(R?).

Let @ be a finite subset of L,(R®) (1 < p < 00). We say that the shifts (- — )
(¢ € ®, a € Z°) are Ly-stable if there are two positive constants C; and C; such

that
> ¥y

ped

Cr Y llagly <

peD

<C Y lagly
p oD
for all sequences ay € £o(Z*), ¢ € ®. Under some mild decay conditions on the
functions in ®, it was proved by Jia and Micchelli ([13] and [14]) that the shifts
of the functions in ® are L,-stable if and only if for any £ € R®, the sequences
($(€ + 270))gez: (¢ € ®) are linearly independent. When p = 2, their results
were generalized by de Boor, DeVore and Ron in [4].
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Suppose ® = {¢1,...,¢n}. Let Ts be the mapping from (£o(Z?))" to L,(R?)
given by

n
Ts(a, ... an) == Zq&k*’ak, a1,..., 0, € 6(Z°).
k=1

Let X := (6,(Z°))" for 1 < p < 00 and X := (¢o(Z°))" for p = 0o. The norm on
X is defined by

l(ar, - an)llx = 3 llaully-

k=1

Suppose that the shifts of the functions in @ are stable. Then the domain of Tp
can be extended to X, and Ty is a one-to-one continuous linear operator from X
to Y := L,(R®). For a = (ay,...,a,) € X, we write >_p_, dp*’ay for Te(a). In
other words,

lim
N-oo

=0.

p

Yo=Y Y du(- — a)ar(a)
k=1

k=1]al<N

Moreover, there exists a positive constant C such that C|la||x < ||Te(a)|y for
all @ € X. From a well-known result in functional analysis (see, e.g., [18, p. 70]),
the range of Ty is closed. In other words, Te(X) = S,(®). Thus, we have the
following result.

THEOREM 7.1: Let ® be a finite subset of L,(R®) such that the shifts of the
functions in ® are L,-stable (1 < p < 00). For 1 < p < 0o, a function f lies in

Sp(®) if and only if
f= Z ¥ ag

P
for some sequences ay in £,(Z°). For p = oo, a function f lies in S (®) if and

only if f =} 4 ¢*'ay for some sequences ay in co(Z°).

Theorem 7.1 does not apply to the case in which the stability condition is not
satisfied. For example, let ¢ := x — x{- — 1), where x is the characteristic function
of [0,1). Then x € S3(¢#) (see [4, Example 2.7]), but x cannot be written in the
form x = ¢+'a for any a € €5(Z). Indeed, if a is an element of £3(Z), then the
2m-periodic function £ — @(e*) is square integrable on [0, 27) and

+a(€) = d(&)ae ) = x(E)(1 — e ¥)a(e™*).
Thus, x = ¢+’a implies that

ae®)=1/(1-€%) forae £€R
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But the function £ — 1/(1 — %) is not square integrable on [0,27). This
contradiction verifies our claim. Moreover, we have fmx z)dz = 1 and x =
Z;‘;O ¢(- — j) € S(¢). However, any function f in Sp(¢) satisfies [ f(x)dz = 0.
Since S;(¢) is the closure of Sp(¢) in Ly(R), we also have [, f(z)dz = 0 for all
f € S1(¢). This shows that x ¢ S1(¢). Therefore Si(¢) # S(¢) N L1 (R).

When & is a finite collection of compactly supported functions in L,(R), it
was shown in [11] that S,(®) = S(®) N Ly(R) for 1 < p < 00 and S(P) =
S(®) N Lo o(R). The following theorem gives a similar result for s > 1 if the
shifts of the functions in ® are stable.

THEOREM 7.2: Let & be a finite collection of compactly supported functions in
Ly,(R*) (1 < p < o). If the shifts of the functions in ® are Ly-stable, then
Sp(®) = S(@) N Ly(R?) for 1 < p < 00, and Seo(®) = S(P) N Lo o(R%).

(1 <p < ).

Proof: By Theorem 3.1, S(®) N Ly(R?*) is closed in L,(R®)
= o0, we also have

Hence S,(®) is contained in S(®) N L,(R*). For p
S0a(®) C S(®) N Lo o(R").

Suppose ® = {¢1,...,¢n}. We can find functions ¥1,...,%m € Ly(R®) such
that they vanish outside the unit cube [0,1)® and {¥;]j0,1)s: j = 1,...,m} forms

a basis for S(®)|0,1)s- Then each ¢ (k=1,...,n) can be represented as
(7.1) b = Z"/’j*lajky

j=1
where aj; (j =1,...,m;k =1,...,n) are finitely supported sequences on Z°.

A function f € S(¥) has the following representation:

m
(7:2) f=3 wir'v;,
i=1
where vy,...,v,, are sequences on Z*. If f lies in L,(R?*) for 1 < p < oo, then
the sequences vy, ..., vy, lie in £,(Z°). To see this, we observe that, for 8 € Z°,
m
ZvJ Wiz —pB) forzef+[0,1)°.
=1

Hence, there exists a constant C' > 0 such that

|vj(5)|p§C”/ |f(z){Pdz Vi=1,...,mand 8 € Z°.
B+[0.1)°
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It follows that ||v;||, < C|fllp for j = 1,...,m. Thus, vy,...,vy lie in £,(Z°).
Similarly, if f € Leoo(R?), then vy,...,vpm he in co(Z%).

Now assume that f € S(®). Then there exist sequences uy,...,u, on Z° such
that f = >°p_, ¢x*'ux. This in connection with (7.1) and (7.2) tells us that

Uy,..., Uy, satisfy the following system of discrete convolution equations:

n

(7.3) Zajk*uk = vj, j=1,...,m.
k=1

Consequently, this system of equations is compatible. We shall show that the
matrix

Az) = (ajk(z))lgjgm,1§k5n

has rank n for every z € T®, provided that the shifts of ¢,..., ¢, are stable. For
this purpose, we deduce from (7.1) that for k=1,...,n

Gr(E+2mB) =Y a(e™)p;(E+21B), E€R,BeEZ.
j=1

If A(e™%) had rank less than n for some ¢ € R®, then the sequences
(¢3k(§ + 270))gezs, k = 1,...,n, would be linearly dependent, which contra-
dicts the assumption on stability. Since A(z) has rank n for every z € T° and the
system of equations in (7.3) is compatible, we conclude that (7.3) is uniquely solv-
able for u1,...,u, in €,(Z°), by Theorem 6.1. Let (uq,...,uy) be the solution.
Then f = Y} _; dx*'uk lies in S,(®). This shows that S,(P) = S(P) N L,(R*)
for 1 <p < .

If f € S(®) N Lo o(R®), then the sequences v1,...,vm lie in ¢o(Z°); hence
ULy .., Uy lie in cg(Z®). This shows that Soo(®) = S(P) N Ly o(R?). ]

8. Approximation order

In this section we shall apply the results on linear operator equations to a study
of approximation by shift-invariant spaces. See [10] for a recent survey on this
topic.

For a subset E of L,(R*) (1 < p < 00) and f € L,(R?®), define the distance
from f to E by

dist(f, E)p := ;gg{“f —dllp}-

Let S be a closed shift-invariant subspace of L,(R*). For h > 0, let o, be
the scaling operator given by the equation onf := f(-/h) for functions f on
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R*. Let S* := o4(S). For a real number r > 0, we say that S provides L,-
approximation order r if, for every sufficiently smooth function f in L,(R®),

dist(f, S"), < C;h"™ VA >0,

where Cy is a constant independent of h. We say that S provides L,-density
order r if

lim dist(f,8"),/h" = 0.

Jim, dist(f, 5%)p/

Let ® be a finite collection of compactly supported functions in L,(R?®)
(1 < p < o00). We say that S(®) provides approximation order = (resp. density
order r) if S(®) N L,(R*)} does.

Let r be a positive integer, and let ¢ be a compactly supported function in
L,(R*) (1 < p < o00) with $(0) # 0. Then S(¢) provides approximation order
7 if and only if S(¢) contains IT,_;. This result was established by Ron [17] for
the case p = oo, and by Jia [9] for the general case 1 < p < 0o. The following
theorem extends their results to finitely generated shift-invariant spaces.

THEOREM 8.1: Let & = {¢1,...,¢n} be a finite collection of compactly sup-
ported functions in L,(R°) (1 < p < o). Suppose that the sequences
(&k(Zwﬂ))ﬁezs, k = 1,...,n, are linearly independent. For a positive integer
r, the following statements are equivalent:

(a) S(®) provides Lyp-approximation order r.

(b) S(®) provides Ly-density order v — 1.
(c) S(®) 2 Mry.

)

{d) There exists a function ¥ € So{®) such that

(8.1) Y gl@)p(-—a)=q VgeTl_;.
a€Z®
It is known that (8.1) is true if and only if for all » € N§ with |v| < r and all
BeZ?
D¥4(2nB) = o b0,

where & stands for the Kronecker sign. This result was first established by
Schoenberg [19] for the univariate case, and then extended by Strang and Fix
[20] to the multivariate case.

If the shifts of the functions in ® are stable, then, for each £ € R®, the sequences
(f(€+ 2r3))gezs (k=1,...,n) are linearly independent. Thus, the conclusion
of Theorem 8.1 is valid if the shifts of the functions in @ are stable. This weaker
form of Theorem 8.1 was first established by Lei, Jia and Cheney [16].
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Suppose ® is contained in Lz{R’). Recall that the bracket product [¢;, ¢« is
given by

[65,8)(e) = Y di(E+2nP)i(€ +278),  EER.

BEZ*

Define the Gram matrix G¢ by

Go(€) = ([0, ot)(€) | jpcnr  EER

Then the sequences (¢x(2703)) gezs, k =1,...,n, are linearly independent if and
only if det G{0) # 0.

In order to prove Theorem 8.1 we observe that (a) implies (b) trivially. It
was proved in [9] that (b) implies (c). The implication (d) = (a) is well known.
See [12] for an explicit Ly-approximation scheme. It remains to prove (c) =
(d). This was proved by de Boor (2] for the case where ® consists of a single
function. For the general case, we need some auxiliary results about polynomials
and polynomial sequences. Let Ty be the mapping given by

To(q1---,qn) '——ZZ@ — a)g(a), for (g1,..-,¢n) € II™.

k=1 a€Zs’

LEMMA 8.2: Let ® = {¢1,...,¢n} be a collection of integrable functions on R*
with compact support. Then the following conditions are equivalent.
(a) The sequences (ggk(2wﬂ))ﬁezs, k =1,...,n, are linearly independent.
(b) Te(q1,---,4qn) = O for polynomials q1,...,q, impliesq; = --- = g, = 0.
(c) Any polynomial g € S(®) can be uniquely represented as Ts(q1, ... ,qn) for
some polynomials qq,...,qy.

Proof: As in the proof of Theorem 7.2, there exist functions ¢, ..., ¥ € L1(R®)
such that they vanish outside the unit cube [0,1)* and {¥;]jp,1)s: j = 1,...,m}

forms a basis for S(®)|o,1)s- Then each ¢x (k =1,...,n) can be represented as
m
(8.2) o= ¥,
j=1
where aji (j =1,...,m;k =1,...,n) are finitely supported sequences on Z*.
Let

gik(2) =3 ap(B)z™?,  ze(CN{0})

BEZ*
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For given vy,...,v, € £(Z°), the function f := Z;"zl P;*'v; lies in S(®) if and
only if the following system of linear partial difference equations

n
(8.3) zgjk(T)uk:Uj, j=1,...,m,
k=1

is solvable for (uy,...,us) € (£(Z°))".
Now we restrict the difference operators g;x(7) to the space IP(Z°). From (8.2)
we deduce that

oe(27B) =Y g(e)dy(2mB),  k=1,...,n,

Jj=1

where e is the s-tuple (1,...,1). Since the shifts of ¥y,...,%n are linearly in-
dependent, the sequences (1,/;j(27r[3)) gezs, J = 1,...,m, are linearly independent
(see [13]). Thus, the sequences (¢x(278))pezs (k = 1,...,n) are linearly inde-
pendent if and only if the matrix G := (g;k(e))i1<j<m,1<k<n has rank n. We
observe that Te(q1,...,q,) = 0 if and only if

k22
Zgjk(T)qk =0.
k=1

By Theorem 5.2, we conclude that conditions (a) and (b) are equivalent.
Obviously, (c) implies (b). It remains to prove (b) implies (c). To this end, let
e1,...,es be the unit coordinate vectors in R®, and let V; (t = 1,...,s) be the
difference operator given by Vif = f — f(- — ;). Let ¢ € S(®) N II and assume
that g = Z;"zl ¥;¥'v; for some sequences vy,...,Vn. We claim that vy,...,vn,
are polynomial sequences. Indeed, if ¢ is a polynomial of degree less than r, then

m
Zd)j*'(v:vj) :V:q:(], t:l,...,S.
Jj=1

Since the shifts of v1,...,%¥, are linearly independent, we have Viv; = 0 for
t=1,...,sand j = 1,...,m. This shows that v;,...,v, are polynomial se-
quences. Since q lies in S(®), there exist sequences uy,...,u, satisfying the

system (8.3) of linear partial difference equations; hence (8.3) is compatible.
Moreover, condition (b) tells us that the associated homogeneous system of (8.3)
only has the trivial solution. Thus, by Theorem 5.1, the system (8.3) is uniquely
solvable for (uy,...,u,) € IP(Z*)". This shows that ¢ can be uniquely repre-
sented as To{qi,- . .,g.) for some polynomials g1, ..., ¢n. ]
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LEMMA 8.3: Let F be a linear mapping from II. to II. Suppose F' commutes
with the shift operators, that is,

F(g(—a))=(Fg)(-—a) Vgell, anda€Z°.
Then there exists a polynomial f € II, such that

Flq)=f(r)g Vqell,.
Proof: We use A, to denote the set {a € Nj: |a| <r}. For 8 € NJ, let gg denote

the monomial given by gg(z) = 2°. We wish to find a polynomial f € II, such
that

(8.4) f(r)gp(0) = cg := Fqp(0) VB €A,
Suppose f(2) = Y ,eca, @az®. Then the above equation is equivalent to the
following;:
(8.5) Z agael = g, pgeA,.

a€lAr
The matrix (@), gea, is nonsingular. Indeed, if bg (6 € Z°) are complex num-
bers such that 3 5c A bga? = 0 for all @ € A,, then bg = 0 for all B € A, (see,
e.g., [1, §4]). Thus, there exists a unique vector (aa)aca, satisfying (8.5). With
aq chosen in this way, the polynomial f(2) = )" < aq2z™ satisfies (8.4). Since
the monomials g5 (8 € A,) span II,, it follows that Fgq(0) = f(7)q(0) for all
q € II,.. For any vy € Z°, we have

Fq(y) = F(a(- +7))(0) = f(r)g(- +7)(0) = f(7)q(7)-
Thus, the two polynomials Fiqg and f(7)q agree on Z*. Hence Fq = f(r)q for all
g € TI,. This completes the proof. |

Proof of Theorem 8.1: It remains to prove (c¢) = (d). Suppose ¢ € II,_;. Then
q € S(®), and by Lemma 8.2 there exist unique polynomials g1, ..., gn such that

g= Y. ¢(-—)au(a)

a€Zs k=1
For each k, the mapping F: g > gx is a linear mapping from II,_; to II which
commutes with shift operators. By Lemma 8.3 we can find a polynomial f; €
II,_; such that Frq = fx(7)q for all ¢ € I1,_;. It follows that, for each ¢ € II,.—1,

Q—ZZ@c —a)fi(r Zka )¢k ) (- — a)a(e)

a€Z® k=1 a€Z® k=1

= 3 %( - a)qla)

€L



Vol. 103, 1998 SHIFT-INVARIANT SPACES 287

where ¢ := > p_, fu(T)dr belongs to So(®). This shows that (c) implies (d).
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